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Abstract

This thesis concerns models of the inner ear�s cochlea and their imple�
mentation using analogue VLSI circuits� The cochlea is the sensory or�
gan which transduces the incoming acoustical signal into neural pulses on
the auditory nerve� As a �rst step in modeling auditory processing with
analogue VLSI� a VLSI cochlea provides the necessary interface with the
outside world� in the same way as electronic retinae are used for model�
ing neural processing in vision� Natural applications of such low�power
acoustic sensors include cochlear implants and hearing aids�

An existing model� Lyon � Mead�s cochlear �lter cascade� is �rst anal�
ysed at a system level� An improved version of this circuit was integrated�
it features a novel implementation of a frequency�selective automatic gain
control mechanism� This mechanism models the local control of the me�
chanical properties of the cochlea� Unlike most models of active cochleae
in which a saturating feedback creates the required non�linearity of the
automatic gain control mechanism� the present version performs this with
a feedback gain control from higher levels of neural processing� However�
analysis of this circuit� con�rmed by chip measurements� shows that de�
spite its potential for large input dynamic range compression� the cascade
structure is insu�cient to model faithfully the frequency selectivity of the
biological cochlea�

A second model is thus proposed� which emulates the hydrodynam�
ics of the cochlea using a dense network of resistors and a bank of res�
onators� This model performs a computation of the cochlear dynamics in
a much more collective fashion than the cascade structure� Characteris�
tics much closer to those measured on live cochleae can be obtained� the
most interesting of which is the extremely sharp frequency cuto� �����
���dB�octave
�

The implementation envisaged for this model on silicon relies on re�
sistors modeled by single transistors� which work linearly with respect to
current and to logarithmically compressed voltage� A novel implementa�
tion of a log�domain transcapacitor has been proposed as a building block
to design resonators compatible with the log�domain resistive network�
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R�esum�e

Cette th�ese traite de la mod�elisation de la cochl�ee et de son �emulation
au moyen de circuits �electroniques int�egr�es VLSI analogiques en technolo�
gie CMOS� La cochl�ee est l�organe de l�oreille interne qui op�ere la trans�
duction du signal acoustique en impulsions nerveuses sur le nerf auditif�
Dans le cadre d�un mod�ele analogique VLSI du syst�eme auditif dans sa
totalit�e� une telle cochl�ee arti�cielle procure l�interface n�ecessaire avec le
signal sonore ext�erieur� similairement aux r�etines arti�cielle utilis�ees dans
les mod�eles de traitement neuronaux d�edi�es �a la vision� Une des appli�
cations les plus naturelles de ce type de capteur bio�inspir�e �a tr�es basse
consomation concerne les proth�eses auditives et les implants cochl�eaires�

Une cascade de �ltres cochl�eaires originellement propos�ee par Lyon �
Mead est d�abord analys�ee au niveau fonctionnel� Un version am�elior�ee du
circuit �electronique est propos�ee� auquel un syst�eme de contr	ole automa�
tique de gain s�electif en fr�equence est rajout�e� Ce m�ecanisme mod�elise
le contr	ole local des propri�et�es m�ecaniques de la cochl�ee telle qu�e�ectu�e
par son �equivalent biologique� A la di��erence de la plupart des mod�eles
de telles cochl�ees� dites actives� le m�ecanisme propos�e est bas�e sur une
boucle de contre�r�eaction incluant des �etapes de traitement situ�ees en
amont du syst�eme auditif� au lieu de simples non lin�earit�es locales aux
�ltres cochl�eaires� Cependant� l�analyse du circuit montre� ainsi que l�ont
con�rm�e des mesures sur le circuit int�egr�e� que malgr�e son potentiel de
haute compression de niveau du signal� la structure en cascade est insuf�
�sante pour une mod�elisation �d�ele de la s�electivit�e fr�equentielle telle que
mesur�ee sur la cochl�ee biologique�

Un second mod�ele est donc propos�e� qui �emule la dynamique des �uides
de la cochl�ee �a l�aide d�un r�eseau serr�e de r�esistances et de r�esonateurs
�electriques� Ce r�eseau e�ectue le calcul des �equations hydrom�ecaniques
dans la cochl�ee d�un mani�ere plus collective que la cascade de �ltres� Des
charact�eristiques plus proches de celles mesur�ees dans la cochl�ee biologique
ont pu 	etre obtenues� parmi lesquelles la plus remarquable est la coupure
tr�es abrupte ��������dB�octave
 du signal �a la fr�equence de coupure du
�ltre ainsi r�ealis�e�

Dans le but d�une r�ealisation e�cace de ce mod�ele sur silicium� l�u�
tilisation d�un r�eseau r�esistif dont chaque r�esistance est remplac�ee par un
unique transistor est pr�econis�ee� Ce r�eseau reste lin�eaire par rapport aux
courants et �a des tensions compress�ees logarithmiquement� Un nouveau
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type de circuit r�ealisant une transcapacit�e travaillant lin�eairement dans le
domaine logarithmique est propos�e� Ce circuit est assez g�en�eral pour 	etre
utilis�e comme �el�ement de base permettant de r�ealiser des r�esonateurs com�
patibles avec le r�eseau r�esistif travaillant dans le domaine logarithmique�



Contents

� Introduction �

��� General context � � � � � � � � � � � � � � � � � � � � � � � � � �
����� Auditory perception � � � � � � � � � � � � � � � � � � �
����� Pattern recognition � � � � � � � � � � � � � � � � � � � �
����� Cochlear�like speech processing � � � � � � � � � � � � �
����� Analogue VLSI modeling � � � � � � � � � � � � � � � �

��� Presentation of the thesis � � � � � � � � � � � � � � � � � � � �
����� Background � � � � � � � � � � � � � � � � � � � � � � � �
����� Objectives � � � � � � � � � � � � � � � � � � � � � � � � �
����� Contribution � � � � � � � � � � � � � � � � � � � � � � �
����� Overview � � � � � � � � � � � � � � � � � � � � � � � � �

� Biological cochlea and models �

��� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� Anatomy and physiology � � � � � � � � � � � � � � � � � � � � ��

����� Outer and middle ear � � � � � � � � � � � � � � � � � ��
����� Anatomy of the cochlea � � � � � � � � � � � � � � � � ��
����� Innervation � � � � � � � � � � � � � � � � � � � � � � � ��
����� Hair cell physiology � � � � � � � � � � � � � � � � � � ��
����� Measurements of basilar membrane vibrations � � � � ��

��� Mechanisms and models � � � � � � � � � � � � � � � � � � � � ��
����� Transduction mechanism � � � � � � � � � � � � � � � ��
����� Models � � � � � � � � � � � � � � � � � � � � � � � � � ��

� VLSI active cochlea ��

��� Overview � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� The model � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

xiii



xiv CONTENTS

����� Functional model � � � � � � � � � � � � � � � � � � � � ��
����� Quality factor modulation � � � � � � � � � � � � � � � ��
����� Analogue model � � � � � � � � � � � � � � � � � � � � ��
����� Level compression � � � � � � � � � � � � � � � � � � � ��
����� Pseudo�resonance � � � � � � � � � � � � � � � � � � � � ��
����� Quality factor control loop � � � � � � � � � � � � � � ��
����� Closed loop amplitude gain � � � � � � � � � � � � � � ��
����� Cochlear �lter stability � � � � � � � � � � � � � � � � ��

��� Time simulations � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Computer model � � � � � � � � � � � � � � � � � � � � ��
����� Level compression and transient enhancement � � � � ��
����� Two�tone suppression � � � � � � � � � � � � � � � � � ��
����� Speech cochleogram � � � � � � � � � � � � � � � � � � ��

��� VLSI implementation � � � � � � � � � � � � � � � � � � � � � ��
����� Second�order stage with di�erentiator � � � � � � � � ��
����� Quality factor control � � � � � � � � � � � � � � � � � ��
����� IHC recti�er � � � � � � � � � � � � � � � � � � � � � � ��
����� MSR low�pass �lter � � � � � � � � � � � � � � � � � � ��
����� Feedback gain distribution � � � � � � � � � � � � � � � ��
����� Bias currents generation � � � � � � � � � � � � � � � � ��
����� E�ect of internal noise � � � � � � � � � � � � � � � � � ��
����� Chip measurement results � � � � � � � � � � � � � � � ��

��� Conclusions � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� Electrical ��D cochlear model ��

��� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ��D model of the cochlea � � � � � � � � � � � � � � � � � � � � ��

����� ��D hydrodynamics of the cochlea � � � � � � � � � � ��
����� ��D electrical equivalent � � � � � � � � � � � � � � � � ��
����� Micro�mechanics in the organ of Corti � � � � � � � � ��

��� Electrical model � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Longitudinal symmetry � � � � � � � � � � � � � � � � ��
����� Spatial quantisation � � � � � � � � � � � � � � � � � � ��
����� Basilar membrane resonator � � � � � � � � � � � � � � ��
����� Mechanical to electrical mapping � � � � � � � � � � � ��

��� Electrical simulations � � � � � � � � � � � � � � � � � � � � � � ��
����� Simulated network � � � � � � � � � � � � � � � � � � � ��
����� Simulation results � � � � � � � � � � � � � � � � � � � ��



CONTENTS xv

����� Spatial resolution � � � � � � � � � � � � � � � � � � � � ��
����� Spatial resolution vs� frequency selectivity � � � � � � ��
����� E�ect of the shape of the cochlear duct � � � � � � � ��
����� Basilar membrane � liquid mass ratio � � � � � � � � � ��
����� Parameter values � � � � � � � � � � � � � � � � � � � � ���

��� Summary � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

� Log�domain VLSI ��D cochlea ���

��� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� Log�domain processing � � � � � � � � � � � � � � � � � � � � � ���

����� Pseudo�conductance and pseudo�voltage in weak in�
version � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� Current to pseudo�voltage conversion � � � � � � � � � ���
����� Principle of the pseudo�capacitance � � � � � � � � � � ���

��� Pseudo�transcapacitor circuit � � � � � � � � � � � � � � � � � ���
����� Implementation of a pseudo�transcapacitor � � � � � ���
����� Range of operation � � � � � � � � � � � � � � � � � � � ���
����� Second�order e�ects � � � � � � � � � � � � � � � � � � ���
����� Stability � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� Noise � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� Circuits based on pseudo�transcapacitors � � � � � � ���

��� Log�domain cochlea � � � � � � � � � � � � � � � � � � � � � � ���
����� Basilar membrane resonator � � � � � � � � � � � � � � ���
����� Parameter mapping � � � � � � � � � � � � � � � � � � ���
����� Implementation of the log�domain resonator � � � � � ���
����� Transient simulation � � � � � � � � � � � � � � � � � � ���
����� Stability � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� Noise � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� Implementation of the full cochlea � � � � � � � � � � ���

��� Summary � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

� Conclusions ���

��� Original results � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� Cochlear models � � � � � � � � � � � � � � � � � � � � � � � � ���

����� Active cochlea � � � � � � � � � � � � � � � � � � � � � ���
����� ��D hydrodynamic model � � � � � � � � � � � � � � � ���

��� VLSI implementations � � � � � � � � � � � � � � � � � � � � � ���
����� Filter cascade with automatic gain control � � � � � � ���



xvi CONTENTS

����� Log�domain spatio�temporal processing � � � � � � � ���
����� Analogue VLSI vs� biology � � � � � � � � � � � � � � ���

��� Future work and applications � � � � � � � � � � � � � � � � � ���

A Mathematical derivations �	�

A�� Cochlear �lter cascade noise � � � � � � � � � � � � � � � � � ���
A�� Finite di�erence approximation � � � � � � � � � � � � � � � � ���
A�� Green�s function in a resistive sheet � � � � � � � � � � � � � � ���
A�� Resonator noise � � � � � � � � � � � � � � � � � � � � � � � � ���

A���� Integrator � � � � � � � � � � � � � � � � � � � � � � � � ���
A���� Feedback block � � � � � � � � � � � � � � � � � � � � � ���
A���� Full resonator � � � � � � � � � � � � � � � � � � � � � � ���

Biographical data ���



Chapter �

Introduction

�



� CHAPTER �� INTRODUCTION

��� General context

����� Auditory perception

Hearing is one of the �ve senses that link us �and most vertebrates
 to
our environment� Acoustic information from the outside is processed by
the auditory system� together with the information provided by the other
senses �vision� smell� taste� and touch
� to build an internal representation
of the present state of this environment� This perception of the environ�
ment allows us to interact optimally with it� in order to survive and to
procreate�

Since acoustic information is transmitted by pressure variations in the
air� hearing could be seen as a specialised subclass of the sense of touch�
However� the pressure variations of an acoustical signal are much faster
than the mechanical stimuli usually sensed by touch� and they are above
all perceived very di�erently� in addition to its intensity� we are very
sensitive to the �ne temporal structure of this fast�varying stimulus� An
acoustical signal having a regular temporal structure �or more generally�
a stationary signal
 is perceived as a constant stimulus rather as than a
time�varying intensity� and this for stimulus frequencies spanning up to �
orders of magnitude ���Hz���kHz for human hearing
�

The auditory system� able to extract stationary characteristics of the
acoustical signal� is thus similar to a bank of specialised �lters� each of
which responds best to a speci�c temporal structure of the sound� In the
inner ear� the cochlea is the �rst stage where the physical nature of the
sound is transformed� The way the representation of the auditory signal is
further transformed into a subtle sensation all along the auditory pathway
is still mysterious and subject to intense investigation� Early stages of this
processing chain are now fairly well understood� but not so for the higher
levels of the auditory pathway�

����� Pattern recognition

Humans �and more generally animals
 recognise and classify external stim�
uli in ways that rely on signal processing strategies very di�erent from the
ones used by engineers� These strategies are much more e�cient than any
man�made systems dedicated to similar pattern recognition tasks� The
 hardware! on which this biological signal processing  runs! is also very
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di�erent and its optimal exploitation evolved by the trial�and�error process
of natural selection�

In a general approach� arti�cial pattern recognition systems are based
on the extraction of relevant features from the raw stimulus and manipu�
lation of these features as symbols by classi�cation algorithms� If a one�
to�one correspondence between features and symbols were available� the
problem would be straightforward� However for natural stimuli this one�to�
one correspondence cannot be postulated� The reason is that the stimulus
corresponding to a given symbol may su�er more variability than stimuli
corresponding to di�erent symbols� In other words� as an example from
speech recognition� the acoustic stimuli of a given word pronounced by
di�erent speakers and�or in di�erent environments may di�er more than
distinct words pronounced by an unique speaker in identical conditions�

There are two ways to eliminate this ambiguity� extraction of distin�
guishable features from the raw stimulus� and context�dependent symbol
classi�cation� The latter relies on prior knowledge of the meaning of the
symbols and their mutual relationship� From a known context �syntax� se�
mantics for speech recognition
� the classi�er guesses the next most plau�
sible symbol� which is con�rmed or discarded by the incoming stimulus�
Natural systems do this by learning the required knowledge and logic�
resulting in a perception which is� from a somewhat oversimpli�ed point
of view� just the con�rmation of what is expected to be perceived� The
implementation of such technique in arti�cial pattern recognition system
is feasible� but depending on the amount of knowledge required to elimi�
nate all ambiguity in a given context� it can lead to very complex systems�
usually based on arti�cial intelligence techniques�

At the other extreme of the stimulus�to�symbol processing chain� fea�
tures should be extracted from the raw stimulus that are as relevant as
possible for the recognition task� In speech processing� for example� the
features necessary to extract invariant symbols among speakers for speech
recognition would be almost orthogonal to those required for speaker iden�
ti�cation� In biological systems� this seems to be performed by extracting
several parallel feature maps among which the appropriate ones are se�
lected by higher processing levels according the recognition task to be
performed� A preprocessing stage that extracts similar features from the
raw input signal is thus likely to �lter out e�ciently the undesirable vari�
ability degrading the performance of arti�cial pattern recognition systems�
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����� Cochlear�like speech processing

The stimulus used for speech recognition comprises both an auditory part
and a visual part� The visual information of lip movements features rel�
evant clues for speech recognition� but the main information channel is
auditory� This auditory portion is exclusively transmitted by the auditory
nerve from the cochlea to higher processing levels� It is therefore reason�
able to assume that the processing performed by the peripheral auditory
system already extracts the adequate features to build the appropriate
perceptive maps used for speech recognition� or more generally for sound
recognition�

The cochlea is the stage in the peripheral auditory system that per�
forms the most important transformation of the auditory signal� It must
be modeled faithfully enough to ensure the appropriate behaviour further
in the auditory pathway� This gives at least two reasons for modeling
the cochlea� to understand the biological processing performed at this
level� and to emulate it e�ciently� either in order to provide models of
higher level of neural processing with a realistic input signal� or to use
as an auditory�like speech processing stage� In the case of preprocess�
ing for an automatic speech recognition system� however� compatibility
with what the classi�er expects as relevant features is a key issue which
is often neglected� On the contrary� speech preprocessing performed by
cochlear implants already yields remarkable recognition results despite a
rather crude processing of the raw acoustic signal� because it relies on
an extremely high performance �exible classi�er� the human brain� How�
ever if hearing and recognition ability can be recovered by deaf people with
hearing aids and cochlear implants in a good acoustical environment� their
performance severely degrades in adverse hearing conditions� The same is
true in automatic speech recognition� Therefore the �eld of auditory�like
speech processing is still wide open to further research and development�

����� Analogue VLSI modeling

The auditory system has been shown to be extremely e�cient even at
its early stages� From an engineering point of view� understanding the
processing it performs might be a rich source of original signal processing
techniques� Inspiration from biological signal processing is especially ex�
pected to be fruitful in the domain of analogue VLSI circuit design because
this technology shares with the live substrate the potential to exploit opti�
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mally a large number of noisy and imprecise available processing elements�
the transistor and the neurone� respectively�

Before the era of powerful digital computers� analogue processing was
an interesting alternative for computing large systems of nonlinear dif�
ferential equations� Several attempts to model the hydrodynamics of the
cochlea were based on such a technique� This approach was revived ��
years ago by Carver Mead "�# who suggested using analogue VLSI cir�
cuits in MOS technology to model biological systems� Thanks to the rich
computational potential of a single MOS transistor "�#� this approach can
integrate a large amount of processing cells onto a few square millimetres
of silicon� This integration is facilitated if their design is based on a cel�
lular architecture where the processing elements are arranged into regular
networks performing a collective computation�

However� biological and electronic substrates are still rather di�erent�
It would be more appropriate to opportunistically exploit the functions and
strategies identi�ed in biological processing than to attempt to replicate
the structure of the biological system that performs it� Moreover� an
additional distinction must be pointed out concerning the modeling of
the mechanical transduction performed in the peripheral auditory system�
The �rst neurones in the auditory pathway are located in the auditory
nerve� Up to this point� there is no neural processing to be emulated� but
rather a micro�mechanical system� For cochlear modeling� the term  bio�
inspired engineering! is therefore preferred to the term  neuro�morphic
engineering! often used for this emerging domain� The cochlear models
implemented in this thesis are closer to the domain of analogue �lters
and analogue emulation of hydromechanical systems than to the domain
of analogue neural networks� Nevertheless� the advantages of analogue
implementations� such as continuous�time collective processing and low
power consumption still yield important bene�ts�

��� Presentation of the thesis

����� Background

An early objective of this research was to connect an existing analogue
VLSI model of binaural hearing "�# with a standard speech recognition
system in order to evaluate the improvement that auditory�like processing
could bring to automatic speech recognition� A cochlear�based interfac�
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ing system inspired by auto�regressive �ltering techniques used in digital
speech processing was proposed "�#� Although the results obtained from
this �rst attempt were encouraging� they were still far from those obtained
with state�of�the�art digital speech preprocessors based on more classical
signal processing techniques� The conclusion was that in order to exploit
the full potential of auditory�like processing� the recognition algorithms
had to be adapted consequently "�#� This was beyond the scope of the
thesis research� whose principal axis was analogue VLSI speech prepro�
cessing� Another possibility would have been to adapt the auditory�like
preprocessing for an optimal compatibility with the classi�er� but the bio�
logical plausibility would have had to be sacri�ced at an early stage of the
auditory pathway� which was also the fundamental interest of this research�

The objective of this research was thus restricted to the study and im�
plementation in analogue VLSI of processing performed in the peripheral
auditory pathway related to speech feature extraction in adverse condi�
tions� In a parallel thesis "�#� some aspects of the neural processing per�
formed in the cochlear nucleus and the inferior colliculus were modeled
using analogue VLSI networks of spiking neurones �see also "�#
� Since the
input of these processing stages originates exclusively from the auditory
nerve� an appropriate and compatible analogue VLSI model of the cochlea
was necessary� the topic of the present work�

����� Objectives

Two apparently contradictory objectives are sought in this thesis� a faith�
ful model of the cochlea that permits a simple and e�cient implementation

using analogue VLSI techniques�

 Faithfulness! means that the model must capture all the required
functionality of the live cochlea� according to its use� Since one of the pur�
poses is to produce an input signal for models of higher levels of auditory
processing� potential processing performed at higher levels should not be
excluded by the absence of the required functionality at the level of the
cochlea�

 Simplicity and e�ciency! must permit low�power� low�voltage and
real�time operation in a small volume� These requirements are of primor�
dial importance in using the model as a speech processor� either in portable
systems or as hearing prostheses� Small integrated area is also required to
possibly implement on a single chip a cochlear model together with models
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of higher levels of the auditory pathways� avoiding so the need of o��chip
communication�

The constant search for an optimal trade�o� between faithful modeling
and e�cient implementation is therefore the guideline of this engineering
research thesis�

����� Contribution

The original contribution of this thesis is summarised in the following
points�

� Active cochlea
 the �rst analogue VLSI model of an e�erent�
controlled active cochlea� featuring frequency selective automatic
gain control was implemented on silicon� The original contribution
of the present work resides in the simple e�erent gain control mech�
anism� which augments an existing analogue VLSI cochlear model�

� Filtering technique
 the ��D hydromechanics of the cochlea sug�
gests new temporal �ltering techniques based on distributed tempo�
ral �lters including spatial processing�

� Pseudo�transcapacitor
 a novel circuit that allows time process�
ing in the log�domain is proposed� It is based on the dynamic
translinear principle for CMOS transistors in weak inversion� This
pseudo�transcapacitor is general enough to be used as a building
block in a collection of reactive components compatible with resis�
tors implemented by a single transistor� bridging the gap between
linear spatial processing performed by networks of transistors and
linear temporal processing using log�domain �lters�

� Log�domain ��D cochlea
 the potential of log�domain spatio�
temporal processing is exploited in a novel implementation of a ��D
hydrodynamic model of the cochlea� for which the required building
blocks are proposed and analysed�

����� Overview

Chapter � summarises the anatomical and physiological properties of the
biological cochlea� The basic transduction mechanisms on which most of
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the state�of�the�art models rely are explained together with a taxonomy
of these models�

Chapter � embraces as a whole the design� analysis� and computer
simulations of the model of an active cochlea� together with its analogue
VLSI implementation from circuit analysis to chip measurements�

In chapter � cochlear modeling is attacked on a di�erent front� which
consists of emulating the hydrodynamics equation of the ��D cochlea as a
network of dipoles�

Chapter � is split into two main parts� In the �rst two sections� the
basics of linear spatial processing in the log�domain are presented together
with a proposal and analysis of a circuit that may be used as a basic
block to extend analogue log�domain spatial computation with temporal
processing� In a third section� the implementation in the log�domain of
the ��D model of the cochlea is proposed and analysed�

Chapter � summarises and discusses the thesis developed in this work�
Directions for further research and application in the domains related to
this thesis are also proposed�
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��� Introduction

The cochlea is the organ in the inner ear which transduces the mechan�
ical vibrations induced by the acoustical signal into neural pulses on the
auditory nerve� The outer and middle ears transform the raw pressure
signal of the outside into a form that can be processed e�ciently by the
cochlea� The cochlea then transforms the resulting signal into vibrations
on an elastic membrane� The transduction gain between input pressure
and vibration amplitude at di�erent positions along this membrane de�
pends on di�erent frequency components of the input signal� The re�
sulting mapping from sound frequency to position� called the tonotopy�
thus originates from the cochlear transduction� Tonotopy is maintained
through higher levels of neural processing in the auditory system� This
transduction mechanism is still at the heart of current research� because
its incredible performance in terms of level sensitivity� dynamic range and
frequency selectivity can hardly be explained by simple passive mechanical
processes� It is performed by an intricate system that includes the micro�
mechanics of a structure much more complicated than a simple elastic
membrane� The mechanical properties of the structure are controlled by
several layers of feedback loops involving mechanical� chemical and elec�
trical processes� Each section of this structure interacts with the others
through a liquid which surround them and whose hydrodynamics play a
key role�

Understanding of the cochlear mechanisms is made more di�cult be�
cause of the role of active processes present only in live cochleae� These
make the performance of the cochlea very sensitive to aggressive investiga�
tion techniques� Modeling has become a key investigative tool� Research
is done in an iterative loop were models are re�ned as the understanding of
the biological system progresses �and as computational resources allow
�
and the �ndings obtained using these models suggest new biological ex�
periments� In addition� cochlear models may also be used to generate the
appropriate input signals for models of auditory processing at higher levels
and for systems that require a cochlear�like preprocessing �e�g� auditory�
based automatic speech recognition systems
� Finally� cochlear models
may �nd a stand�alone application in cochlear implants or hearing aids�

In section ���� the present anatomical and physiological knowledge on
the cochlea is summarised� preceded by a brief description of the outer
and middle ears� When not cited explicitly� information given in this



���� ANATOMY AND PHYSIOLOGY ��

section is drawn from "�� �� ��� ��#� After a description of the transduction
mechanisms hypothesised to date� section ��� then reviews� discusses and
classi�es some existing models and their implementations�

��� Anatomy and physiology

����� Outer and middle ear

The outer ear concentrates acoustical pressure on the tympanic membrane
�eardrum
 on which the middle ear�s ossicular chain is attached� The
ossicular chain is made from three ossicles� the malleus �hammer
� the
incus �anvil
 and the stapes �stirrup
� Transduction performed by the
cochlea relies on a pressure di�erence between its two openings� The
purpose of the ossicular chain is to generate this pressure di�erence� it
performs an acoustic impedance adaptation which increases the pressure
to one cochlear opening� the oval window� whereas the second one� the
round window opens directly to the atmospheric pressure through the
eustachian tube �see �gure ���a
� This impedance adaptation is performed
by the system of levers formed by the ossicles� The amplitude of the
input pressure at the oval window is also increased by the large area ratio
between the tympanic membrane and the oval window�

Except for the slow active control performed by contracting the liga�
ments attaching the stapes to protect the ear at very high sound levels� the
transduction chain from outside pressure to oval window pressure is mainly
passive and linear� Its gain is frequency�dependent� with a broad peak at
�� dB around � kHz� Direction�sensitive �ltering performed by the pinna
�visible part of the ear
� might be used as a cue for sound localisation�

����� Anatomy of the cochlea

The cochlea is a coiled bony duct �lled with a liquid� Its length is about ��
mm� coiled in ��� turns ��gure ���a�b
� It is divided into three chambers�
the scala vestibuli� the scala media and the scala tympani� These chambers
run along the cochlea �x�axis in �gure ���c
 from its base �entrance of the
coil
 to its apex �dead end of the coil
� The scala media� as its name
suggests� is located between the two other scalae� It is separated from the
scala vestibuli by the Reissner�s membrane and from the scala tympani
by the cochlear partition� The scala vestibuli communicates with the scala
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Figure ���� a� Anatomy of the peripheral auditory system� b� cross�section
A�A� of the cochlea in a�� c� schematic views of an uncoiled cochlea�

tympani through an opening in the cochlear partition at the apex of the
cochlea� the helicotrema� Its purpose is to equalise the static pressure
between the two chambers� The oval window is located ��� mm before
the base on the outer wall of the scala vestibuli� the round window opens
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Figure ���� a� Cross�section of the cochlear duct� b� detail of the organ of Corti�
c� schematic view of the hair cells

through a compliant membrane to the middle ear cavity on the basal�most
�$���$ of the outer wall of the scala tympani�

The scalae vestibuli and tympani are both �lled with the same �uid�
the perilymph� whereas the scala media is �lled with a di�erent one� the
endolymph� The electrical potential in the endolymph �endocochlear po�

tential
 is �� mV higher than in the perilymph� This electrical potential
di�erence is supplied by ionic pumps located in the stria vascularis cov�
ering the outer wall of the scala media� The Reissner�s membrane has a
negligible in�uence on the hydromechanics of the cochlea� All the mechan�
ical properties on which the cochlear transduction rely are concentrated
in the cochlear partition� which is made of the elastic basilar membrane

on which sits the organ of Corti ��gure ���a
�

The inner edge of the basilar membrane is attached to a helicoidal bony
shelf� the spiral lamina� whereas its outer edge is attached to the bony wall
of the cochlea by mean of the spiral ligament which is a specialised tissue
able to maintain the basilar membrane under radial tension �z�axis
� This
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radial tension is such that the sti�ness of the basilar membrane decreases
approximately exponentially from the base to the apex� Basilar membrane
sti�ness is the dominant parameter determining the position dependent
characteristic frequency at which the cochlea vibrates best� The width
�z�axis
 of the basilar membrane increases almost linearly from ����m at
the base to ����m at the apex� The organ of Corti is built around a rigid
framework made from two rows of pillar cells� whose feet are anchored
on the basilar membrane and whose tops support a plate like structure�
the reticular lamina� This framework is arranged so that when the inner
side of the basilar membrane pivots around its attachment to the spiral
lamina� the reticular lamina follows this rotational movement� The basilar
membrane movement is detected and ampli�ed by the hair cells embedded
in the reticular lamina ��gure ���b
�

On the inner side of the reticular lamina �relative to its attachment to
the pillar cells
� a single raw of inner hair cells runs along the cochlea�
whereas the outer hair cells are arranged into three parallel rows on the
outer side of the reticular lamina� The hairs� or stereocilia� of the hair cells
protrude from the reticular lamina� The stereocilia of a single hair cell are
arranged in parallel rows �V� or W�shaped for the outer hair cells� see top
view of �gure ���c
� following the longitudinal dimension of the cochlea
�x�axis
� The stereocilia in each row are of the same height� This height
increases from row to row in the radial direction �z�axis
 toward the outer
wall of the cochlea� The top of each stereocilium �except in the tallest row

is attached to its neighbouring stereocilium in the next taller row by a tip
link which is stretched when the hair bundle bends toward the outer wall of
the cochlea �side view of �gure ���c
� The stereocilia of the inner hair cells
�oat in the endolymph� whereas the tallest stereocilia of each outer hair
cell is attached to the tectorial membrane� a gelatinous structure covering
the reticular lamina all along the length of the cochlea� The narrow space
left between the reticular lamina and the tectorial membrane is called the
tectorial gap�

����� Innervation

All the nervous connexion of the cochlea are bundled together in the au�
ditory nerve� About ��$ of the a�erences �toward the brain
 innervate
the inner hair cells� They are made from type�I neurones whose large cell
bodies are located in the spiral ganglion and that synapse onto the inner
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hair cell bodies� Each hair cell is innervated by ����� such a�erent �bres�
each of which originates from a single type I neurone� The remaining �$
of the a�erences innervate the outer hair cells via type II neurones having
a smaller cell body than type I neurones� Each outer hair cell is con�
nected to about ���� a�erent �bres� which implies considerable branching�
The outer hair cell innervation path is di�erent from that of the inner
hair cells� the latter project radially directly to the inner hair cell bodies�
while the former turns basally after a similar radial projection and follows
the cochlear spiral for about ��� mm before synapsing on the outer hair
cells� At the output of the cochlea� a�erences from inner hair cells are
thus topologically paired with a�erences from outer hair cells sensitive to
a higher characteristic frequency �see �gure ���
�

As for the e�erences �from the brain
� the organ of Corti receives an
innervation from the superior olivary complex� The lateral olivocochlear

system innervates the a�erent �bres of the inner hair cells and the me�

dial olivochochlear system projects to the outer hair cells� Very little is
known about the inner hair cells� e�erences� whereas the e�erences of the
outer hair cells are believed to control the transduction mechanism of the

1 10-30
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Figure ���� Innervation of the cochlea�s hair cells
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cochlea by means of the motile properties of the outer hair cells �see para�
graph �����
� The medial olivocochlear �bres branch to innervate outer
hair cells spanning ��� mm along the cochlea�

����� Hair cell physiology

As mentioned in paragraph ������ the hair cells are embedded in the reticu�
lar lamina� with their bodies on the basilar membrane side of the reticular
lamina and their stereocilia emerging in the tectorial gap� Because the
basilar membrane is quite permeable to ions whereas the reticular lamina
is not� the hair cell�s body is in the perilymph�like medium and its stere�
ocilia in an endolymph�like liquid having a ��mV higher electrical poten�
tial� As a consequence� ionic current can penetrate the body of the hair
cells through ionic channels situated on the hair cell�s surface in contact
with the endolymph� The conductance of these channels is controlled by
the bending of the stereocilia and the subsequent tension in their tip links
�paragraph �����
� The accumulation of ions in the cell body increases its
intracellular potential� Due to the asymmetric structure of the hair bun�
dle� the transfer function between hair bundle de�ection and intracellular
potential is asymmetric�

In turn� the hair cell intracellular potential controls the spike genera�
tion of the auditory nerve neurones through the synaptic connection which
links them� When the hair cell�s intracellular potential increases� its mem�
brane depolarises and neurotransmitters are released in these synapses�
This process is based on several pools where vesicles are �lled with neuro�
transmitter� stored and transmitted to the a�erent neurone�

In addition to the stereocilia�driven ionic channels� the inside of the
hair cell�s body is connected to its surrounding medium by voltage�driven
conductances and chemically driven conductances �called  ligand�gated
conductances!
� The latter are present only in outer hair cells and are
associated with their e�erent synapses� The variation speed of the hair
cell�s intracellular potential depends on the dynamics of its ionic channels�
The e�erent�controlled variations of the intracellular potential are quite
slow ���� ms time constant
� whereas the stereocilia�controlled variations
are usually assumed to be limited by the membrane capacitance of the
cell� according to a �rst�order low�pass �ltering having a cuto� frequency
at about �kHz�

In addition� the outer hair cells possess electro�motile properties� When
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a cell�s membrane potential increases� its body shortens� The length can
change by up to ��m for a membrane potential varying over ���mV� This
motility was shown to be fast enough to vibrate at frequencies up to ��kHz
"��#�

����� Measurements of basilar membrane vibrations

The transduction performed by the basilar membrane has been shown only
recently to feature almost all the characteristics measured at the level of
the auditory nerve� This performance can be observed only in live and
healthy cochleae� It is measured on animals under anaesthesia� usually
in the basal region of the cochlear duct� which is the most accessible�
Figure ���a shows the rms velocity in the y�direction of the basilar mem�
brane for di�erent input sound levels �in dB SPL� i�e� referred to ���Pa

measured on a live chinchilla �an exceptionally sensitive one� according
to the author "��#
� At low input pressure levels the transduction gain
is very large and highly frequency�selective� As the input level increases�
this gain diminishes and its frequency selectivity broadens around a peak
at a slightly lower frequency ��gure ���b
� This proves that a frequency�
selective level compression �from an ��dB input dynamic range into an
output dynamic range down to ��dB ��gure ���c
� is already performed
at the level of the cochlear mechanics� This compressive non�linearity� as
well as the high sensitivity and selectivity� are shown to be very physi�
ologically vulnerable� When the responsiveness of the outer hair cells is
inhibited �by poisoning or electrical dc stimulation
� the transduction gain
is brought back to the linear� much less selective and sensitive one mea�
sured in dead cochleae� Together with other experimental evidence� such
as acoustic emissions by the cochlea "��#� motility of the outer hair cells
"��#� electrically induced basilar membrane movement "��# or two�tone sup�
pression measured on the basilar membrane "��#� this suggests strongly an
active non�linear process performed by the outer hair cells "��#�

��� Mechanisms and models

����� Transduction mechanism

Both perilymph and endolymph are usually assumed incompressible� The
pressure variations induced by the stapes� movement are thus applied al�
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Figure ���� Measurement results �redrawn from ���	� of basilar membrane ve�
locity for di
erent input pressure level �a�� resulting transduction gain �b� and
frequency�dependent compressive input�output transfer function �c��

most instantaneously across the cochlear partition along its full length�
The mechanical properties of the cochlear partition� together with the
interaction with the liquid� yield a wave of vertical displacement of the
partition that travels from the base to the apex� This travelling wave

would exist even if each segment of cochlear partition was separated from
the next �like piano strings
� as is often assumed to simplify the models�
because the energy is transmitted between segments through the liquid�
The propagation of this wave is mainly governed by the compliance of the
cochlear partition and the mass of the liquid �while the mass and the vis�
cosity of the partition has an e�ect on the �ner detail of this propagation
�

At each position� the volume velocity of the liquid is determined by the
local acoustic impedance� which makes it proportional to pressure gradi�
ent� The perpendicular and longitudinal impedances de�ne the compo�
nents of the volume velocities perpendicular �y�axis
 and parallel �x�axis
�
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Figure ���� Transduction chain from cochlear liquid force to auditory nerve
spikes�

respectively� to the cochlear partition� This directional impedance is also
frequency�dependent� At a given frequency� the perpendicular impedance
has a minimal value which corresponds to the resonance of the cochlear
partition� It is dominated by the partition sti�ness basally from the reso�
nant position and by the partition mass and the vertical liquid load api�
cally� In the longitudinal direction� however� the impedance is only mass�
dominated by the longitudinal liquid load� If the perpendicular impedance
were perfectly resonant� it would act as a hole in the partition at its res�
onance frequency� all the liquid �ow would virtually cross it at this po�
sition� leaving the liquid immobile apically� Since in reality the partition
is damped� a fraction of the longitudinal velocity survives after the reso�
nant point� where the perpendicular impedance is mass�dominated� The
cuto� of the travelling wave is therefore determined by the ratio of the
cochlear partition�s mass and the liquid load at this position� The volume
velocity perpendicular to the cochlear partition corresponds to its vertical
movement �y�axis
� induced by the pressure di�erence across the parti�
tion� This movement is sensed and ampli�ed by the hair cells� as depicted
schematically in �gure ����

The force Fliq resulting from the pressure di�erence across the cochlear
partition �CP
 produces the up�and�down movement of the basilar mem�
brane which is transmitted to the reticular lamina by the rigid pillar cell�
The bodies of the hair cells� embedded in the reticular lamina� thus move
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laterally� This lateral movement zRL induces the bending zHB of the inner
hair cells� stereocilia� dragged by the reticular lamina in the liquid in which
they �oat� The displacement of the hair bundle �HB
 is thus proportional
to the velocity of the reticular lamina� The tip links joining neighbouring
stereocilia are stretched and released according to the movement of the
hair bundle� opening and closing ionic channels �IC
 of the cells� The re�
sulting modulation of the ionic current i penetrating the cell body causes
its intracellular potential v to follow the movement of their hair bundle�
with a time constant that depends on the membrane capacitance �MC

of the cell� Due to the asymmetric mechano�electrical transfer function of
the hair cells "��#� the intracellular potential is roughly proportional to the
half�wave recti�ed hair bundle displacement at low frequency� Finally� the
dynamics of the vesicle pools in the a�erent synapses �AS
 of the hair cells
result in a spiking probability p�s
 of the a�erent ganglion cells �GC
 that
is proportional to the intracellular potential of the hair cell� In addition�
the dynamics of the synaptic transduction yield an adaptation mechanism
which enhances the auditory nerve response at the onset of an excitation
"��#� The e�erent synapses �ES
 on the inner hair cells are represented in
�gure ���� but their function has not yet been identi�ed to date�

The transduction chain for the outer hair cells is roughly similar� In
addition two fundamental features are responsible for the active control
of the cochlear mechanics� the motile properties of the outer hair cell
body and the attachment of its tallest stereocilia to the tectorial mem�
brane� The former allows the outer hair cell to feed energy back to the
mechanical structure through the latter� The outer hair cells shorten un�
der the in�uence of an internal force FOHC % k&l when their intracel�
lular potential v increases "��#� This force FOHC is therefore caused by
the displacement of the cell�s hair bundle �HB
� which corresponds to the
relative displacement ZRL � ZTM between the reticular lamina and the
tectorial membrane� where the cell�s tallest stereocilia are attached� The
force FOHC is thus applied within the cochlear partition� whose articulated
framework�s structure transforms it into an internal rotational force which
adds to the force Fliq induced by liquid pressure� This feedback loop is not
yet fully understood because it involves the dynamics of the entire micro�
structure of the cochlear partition �CP
 together with that of the outer
hair cell�s motile transduction �M� k
� The e�ect of the outer hair cell�s
force FOHC on the partition�s mechanical properties depends on its phase
relation with the liquid force Fliq� It is usually assumed that the coupling
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of partition�s resonant structures by outer hair cells applying their force
with the appropriate delays yields an undamping of the cochlear partition
"��� ��� ��� ��� ��#�

It is hypothesised that the e�erences of the outer hair cells control this
undamping using the non�linearity of the transduction M from intracel�
lular potential v to hair cell�s length variations &l "��#� A dc� or slowly
varying� intracellular potential o�set might be adjusted by the outer hair
cell�s e�erence through its synapses �ES
� This dc intracellular potential
ve determines the operating point on the non�linear transduction curve
M� so controlling the linear motility gain for small ac signals "��#� In vitro

measurements of guinea�pig outer hair cells showed that their motility is
fast enough theoretically to amplify ac signals up to ��kHz "��#� con�rming
the plausibility for the outer hair cells to act as a  cochlear ampli�er!�

����� Models

There are two major goals in modeling the biological cochlea� under�
standing it and emulating it� The former requires structural models that
capture and explain the functions performed by the real structure of the
biological cochlea� whereas the latter only needs functional models that
are able to perform these functions e�ciently� Structural models rely on
the biological knowledge provided by anatomical dissections and physi�
ological experiments of every constituting part of the cochlea� whereas
functional models are intended to replicate the behaviour of the cochlea�
The purpose of emulating the cochlea is to replace it in larger systems
where real�time is often required� As a consequence� structural models
are much more complicated than functional models� Of course� a struc�
tural model becomes more convenient when simplifying assumptions make
it work faster enough� and a functional model will better reproduce the
required behaviour if it is based on the real structure of the cochlea� The
border between structural and functional models is thus not well de�ned�

Structural models

Structural models implement the cochlear mechanisms as described in
paragraph ������ in which several unknowns still remain� The hydrody�
namics in the ��D structure of the cochlea can be simpli�ed into ��D or
��D descriptions� As suggested by the description of the hydrodynamics
using longitudinal and perpendicular acoustic impedance� a ��D model
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seems most appropriate� The calculation of the ��D hydrodynamics is too
di�cult to implement e�ciently when compared with the re�nement it
adds to the models� ��D hydrodynamical models follow the longitudinal
�x�
 axis of the cochlea� they do not take into account the vertical liq�
uid movement near the resonant position of the cochlear partition� which
is very relevant for the shape of the frequency response in its peak and
cuto� slope "��#� Alternatively� geometry�dependent parameters of the ��
D hydrodynamics can be estimated separately and lumped into a kernel
depending only on the longitudinal dimension "��#�

The continuous hydrodynamics of the cochlea are advantageously de�
scribed by a spatially quantised network of acoustical impedance� which
can be solved numerically "��# or emulated using analogue electrical dipoles
"��#� In such macro�mechanical models� the cochlear partition is described
by a parallel bank of impedances� As the understanding of the micro�
mechanics of the organ of Corti progresses� the principal e�ort focuses
on micro�mechanical models of the cochlear partition impedance� which
has been shown to be active and nonlinear and which is now accepted to
explain much of the performance of cochlear transduction�

As presented in paragraph ������ the framework of the cochlear parti�
tion mechanisms is understood� but several unknowns remain in the micro�
mechanics as well as in the dynamics of the motile outer hair cell�s feed�
back loop� In macro�mechanical model� the cochlear partition is simply
described by a serial mass�dashpot�spring system �L�R�C in its electrical
analogue
� whose damping can be non�linear� active �negative damping
�
and�or controlled by higher level of neural processing� On the contrary�
micro�mechanical models attempt to describe the dynamics of the micro�
structure of the organ of Corti with various levels of re�nements �see "�#
for a review
�

Functional models

Functional models �called  signal processing models! in "�#
 lump all the
parameters of the structural models into a transfer function between the
input pressure signal and the cochlear output required by the use of the
model� In some cases� internal variables in the implementation of the
transfer function can be identi�ed as internal variables of the structural
model "��#� which illustrates the fuzziness of the limit between functional
and structural modeling� Some other models� like the widely used  gam�
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matone �lter!� are derived from the impulse response measured on the
auditory nerve �bres "��� ��#�

Functional models can roughly be split into parallel and cascade struc�
tures� with an intermediate class of cascade�parallel structure� A parallel
structure consists of a bank of �lters having a common input and several
output channels with frequency responses that reproduce those measured
in the cochlea "��# or obtained from psychoacoustic experiments "��#� The
propagation of the travelling wave is mimicked by a growing time constant
in a bank of �lters having characteristic frequencies that decrease in the
direction of the propagation� It might be thought that a cascade structure
would better reproduce this propagation� but in this case the propagation
delay would depends on the spatial resolution of the cascade "��#� In the
cascade�parallel structure� the wave propagation is supported by a �lter
cascade whereas the �ne detail of the frequency responses is adjusted by
a parallel bank of �lters whose inputs are picked along the cascade "��#�

Implementation

With the computational power available nowadays� most of the models are
implemented on computers� digital signal processors or dedicated digital
�lter circuits which permit fast design and �exible use by a large commu�
nity of researcher� However� analogue emulation of cochlear dynamics is
also investigated on alternative media� including electronic VLSI circuits
�with which the present work deals
 "��� ��� ��� ��� ��� ��� ��# or even
micro�machined electro�mechanical systems "��#� The expected advantage
of the analogue VLSI approach is the possibility of emulating cochlear
functions in real�time on a tiny device with low power consumption� for
applications where these issues are of highest priority such as portable
auditory�like speech processors "��#� hearing aids or cochlear implants�
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��� Overview

An analogue VLSI model of an active cochlea is proposed� whose key
feature is a frequency selective automatic gain control mechanism� This
model is based on Lyon and Mead�s cochlear �lter cascade structure "��#
and its most recent improvement "��#� In section ���� the model is care�
fully analysed� After a brief description of the functions required to model
a single section of the cochlea� its analogue VLSI implementation is out�
lined in order to estimate its crucial parameters� This analysis shows
that an individual cochlear �lter could not support the quality factor re�
quired to match the physiological data measured on biological cochleae�
The pseudo�resonance� which yields frequency selective high gains despite
limited quality factors in the individual stages is then presented and anal�
ysed in order to design an appropriate pseudo�resonant gain control loop�
In section ���� experiments performed by a computer model of the entire
cochlea on synthetic and natural speech signal demonstrate the validity of
the concept� Section ��� proposes the analogue building blocks required for
a VLSI implementation of the model� while the e�ect of the major techno�
logical limitations of a standard CMOS process are discussed together with
chip measurements results� The fundamental advantages and drawbacks
of the �lter cascade structure are �nally discussed in section ����

��� The model

����� Functional model

The cochlea is modeled by a cascade structure where each stage emu�
lates the wave propagation along the basilar membrane in a section of the
cochlea "��#� As a functional model� the transfer function of each stage k
can be emulated by a second�order low�pass �lter

Hk�s
 %
�

s���k ' s�k�Qk ' �
� ����


where the characteristic frequency and the resonant property of the cochlea
at the corresponding position are characterised by the �lter�s cuto� fre�
quency fck % �����k and quality factor Qk� respectively "��� ��� ��#�

As a structural model� each stage can be interpreted as a section of the
cochlea as shown in �gure ���� The second�order low�pass �lter models the
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Figure ���� Active cochlear �lter cascade� with functional block diagram de�
tailed for one stage�

basilar membrane �BM
 whose damping is actively controlled by the outer
hair cells� motile properties �OHC
� The input and output signal of the
�lter models the local basilar membrane displacement dbm that propagates
from the base ��rst stage
 toward the apex �last stage
 of the cascade�

Because the inner hair cells� stereocilia are in a viscous medium� they
detect the velocity of the basilar membrane movement relative to its sup�
porting structure� The inner hair cell model �IHC
 thus includes a scaled
di�erentiator

Dk�s
 % s�k ����


that converts the basilar membrane displacement dbm into basilar mem�
brane velocity vbm "��� ��#� In addition� the transmitter release in the
inner hair cells� a�erent synapses happens only when its stereocilia bend
in one direction� The inner hair cells perform therefore to a �rst approx�
imation a half�wave recti�cation of the basilar membrane velocity signal
vbm� yielding the inner hair cell output yihc� In this �rst approach� the
temporal adaptation of the transmitter release "��# was neglected� assum�
ing for simplicity the e�ect of the outer hair cells� active process to be
dominant for temporal adaptation and transient enhancement�

It is reasonable to assume that� in the auditory pathway� the mean
value of the basilar membrane velocity Vbm can be estimated at a higher
level as a mean spiking rate �MSR
 on the a�erent nerve �bres projected
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from the inner hair cells at the corresponding basilar membrane position�
As the dynamics of transmitter release has been neglected� the instanta�
neous spiking rate �or spiking probability
 is roughly proportional to the
inner hair cell output yihc� thus a measure of the mean basilar membrane
velocity ymsr � Vbm may be available at the outer hair cells� e�erent nerve
�bres "��#�

The adaptive loop is closed by controlling the quality factor of the
basilar membrane� assumed to be the action of the outer hair cells �OHC
�
using an appropriate quality factor modulation by this measure ymsr of
the mean basilar membrane velocity�

����� Quality factor modulation

The e�ect of the outer hair cells is modeled by controlling the quality
factor Qk of each stage Hk�s
� On a single stage H�s
D�s
� a sine wave
input signal at frequency f and with a peak amplitudeX produces an out�
put signal having a peak amplitude Y % kH�f
D�f
kX� At a frequency
f close to the characteristic frequency of the stage� the amplitude gain
kH�f
D�f
k � Q� thus the output signal has a peak amplitude Y � QX�
Modulating the quality factor with a power � of the peak output amplitude
Y �

Q � Y �� ����


yields

Y � X
�

��� � ����


where � � � produces the desired compressive input�output function�

����� Analogue model

The analogue VLSI implementation of the active cochlea is depicted in �g�
ure ���� In the analogue model proposed in "��� ��� ��#� the cuto� frequency
fck % �����k of a second�order stage Hk is determined by �k % C��gm�k�
The capacitances C� of the BM block are identical for every stage and
the transconductances gm�k of its operational transconductance ampli�
�ers �OTAs
 are controlled by the bias currents I�k� The quality factor
Qk of any stage k is controlled by the ratio between the transconductances
gmQk and gm�k of its OHC OTA and its BM OTAs� respectively� As the
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Figure ���� Analogue model of one stage of the active cochlear �lter cascade�

di�erential pair of all OTAs operates in weak inversion� their transconduc�
tance gm��Q is proportional to their bias current I��Q� The quality factor
is given by

Q %
�

���� �
IQ
I�


� ����


where

� %
gmQ
�IQ

I�
gm�

����


is a constant�

A quality factor varying between Qmin and Qmax can thus be con�
trolled by means of a translinear loop which imposes

IQ
I�

%
IQmax
Ic ' I�

� ����


Using normalised currents ic % Ic�I� and iQmax % IQmax�I�� equa�
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tion ����
 can be expressed as

Q %
�

�

�
� '

�Qmax � �

�Qmaxic ' �

�
� ����


where

Qmax %
�

���� �iQmax

����


is obtained for ic % � and Qmin depends on the maximal available value
of ic�

The quality factor control signal ic is made proportional to the peak
amplitude 	Vvbm of the basilar membrane velocity analogue signal�

ic % F 	Vvbm� �����


by the feedback gain

F %
gmaArgmF

gaI�
� �����


which takes into account the transconductance gma of the IHC OTA� the
IHC recti�er gain Ar between the dc component of the recti�ed basi�
lar membrane velocity signal and its peak amplitude 	Vvbm� the dc gain
gmF �ga of the MSR low�pass �lter which extracts this dc component and
the normalising current I��

The peak basilar membrane velocity 	Vvbm is given by the amplitude
gain of the BM stage kH�f
k and its di�erentiator kD�f
k� for an input
signal at frequency f having a peak amplitude 	Vdin�

	Vvbm % kH�f
D�f
k 	Vdin� �����


The di�erentiation D�s
 % s� is simply performed by taking the di�erence
between the output voltages of the two BM OTAs "��#� which yields a
second�order band�pass transfer function

H�s
D�s
 %
s�

s��� ' s��Q' �
� �����


����� Level compression

Except for the shift of variable limiting the quality factor between Qmin

and Qmax� with ic proportional to the peak amplitude 	Vvbm of the output
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signal after stage H�s
D�s
� equation ����
 respects the form of equa�
tion ����
 with � % ��� The required compressive input�output relation
expressed by equation ����
 is thus obtained and the output peak ampli�
tude 	Vvbm is proportional to the square root of the input peak amplitude
	Vdin�

The limited quality factor range implies that the square root compres�
sion is performed only on a limited input dynamic range� Under the same
assumption as in section ������ equations ����
� �����
� and �����
 yield

Y %
X � � '

q
���X


�
' �QmaxX

�
� �����


where X % QmaxF 	Vdin and Y % QmaxF 	Vvbm� This function has an
asymptote limX�� Y % X�� and a slope Qmax at the origin X % �� The
square root compression is thus active between the corresponding gains
Y�X % ��� and Y�X % Qmax� According to physiological data "��#� an
input sound level of �� dB SPL corresponds to � nm basilar membrane
displacement at frequencies below the characteristic frequency of the mea�
sured basilar membrane position� thus where kHkk � � according to the
model� On the other hand� at frequencies close to the characteristic fre�
quency� the amplitude of the basilar membrane displacement divided by
the �lter�s time constant equals the amplitude of the basilar membrane
velocity since kDkk � �� A good correspondence between the physio�
logical data "��# and equation �����
 can be obtained for a peak basilar
membrane displacement lower than �� nm ��gure ���
� At higher intensity
values� a saturation that does not stem from the quality factor control loop
appears� This saturation will correspond to the saturation of the physical
devices used for the VLSI implementation of the model� At lower inten�
sities� the model �ts the physiological data with a maximal quality factor
Qmax � ���� allowing an amplitude gain up to ��dB at characteristic
frequency for low input level�

����� Pseudo�resonance

The quality factor required to match physiological data cannot be safely
implemented on a single analogue second�order �lter� because the mis�
match of its internal components are likely to drive it into instability�
Nevertheless� amplitude gains corresponding to such a high quality factor
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can be achieved using the pseudo�resonance of the cochlear �lter cascade�
The control is made locally at every cascade stage in a narrow range of
quality factors �between ��

p
� and �
� but the accumulation of these e�ects

along the cascade can yield gains up to ��dB for low intensity input levels�
The compression of an ��dB input dynamic range into the ��dB output
dynamic range corresponding to the physiological data of �gure ��� is thus
possible with reasonable individual quality factors� The frequency selec�
tivity� however� cannot be as sharp as measured on biological cochleae�
since it is determined by the quality factor of a single stage�

The pseudo�resonance results from the accumulation of the individual
second�order low�pass �lter gains Hk�s
 all along the cascade "��#� If their
characteristic frequencies are close enough to each other to allow their res�
onant bumps to overlap� their multiplicative e�ect can lead to high overall
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gains at frequencies close to the pseudo�resonant frequency fPR� Since the
cascade consists of �lters with decreasing characteristic frequency� this cu�
mulative e�ect occurs only on a limited number of �lters� for which the
individual gain is substantially greater than unity� Stages with a character�
istic frequency much higher than the signal frequency have no e�ect on this
signal �gain close to unity
� whereas the stages with a characteristic fre�
quency lower than the signal frequency rapidly attenuate the signal since
their individual gain drops by ��dB per octave� The pseudo�resonance
therefore

� strongly ampli�es frequencies f � fPR�

� sharply attenuate frequencies f 	 fPR� and

� has no e�ect on frequencies f � fPR�

The cuto� frequency of each stage in the cascade models the corre�
sponding characteristic frequency of the cochlea� It is set to decrease
exponentially along the cascade by one octave every b stages from fc� at
stage �� which is expressed by

fck % fc��
�k�b� �����


The transfer function between the input vibration at stage � and the basi�
lar membrane displacement at the output of stage k is given by the product
of the transfer function of all individual stages between the cascade input
to the output of stage k�

These transfer functions are advantageously expressed as functions of
frequency normalised to the characteristic frequency of stage k� Using
equations ����
 and �����
� the transfer function between the input of the
�rst stage in the cascade and the output of stage k is thus expressed by

Gk�(
 %
kY
l��

Hl�(
 %
kY
l��

�

�� (��
��l�k�

b ' j �
Ql

�
l�k
b

� �����


where ( % f�fck is the frequency normalised to the characteristic fre�
quency of stage k�

The normalised pseudo�resonant frequency (PR at the output of stage
k can be estimated by �nding the maximum GPR % kGk�(PR
k of the
amplitude gain function kGk�(
k� The pseudo�resonance involves a lim�
ited number L of basal stages� since all stages l � k�L have a gain Hl�(
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close to unity� Therefore the product in equation �����
 can start with the
index l % k � L if k � L and � otherwise�

By a simple change of variable� the transfer function Gk�d�(
 after
stage k' d can be expressed by Gk�(�

d�b
 using equation �����
 in which
the quality factors Ql must be shifted to Ql�d and the product must start
with the index l % �d instead of �� Hence� provided that the stage k
�or k ' d if d � �
 is far enough from the base to allow full pseudo�
resonance to build up� and with the same quality factor for all stages
participating to pseudo�resonance� G�x
 % Gk�( % �x
 expresses either
the pseudo�resonant gain at stage k� at a frequency x octaves away from
its characteristic frequency� or the pseudo�resonant gain at stage k ' bx�
at the characteristic frequency of stage k�

Figure ��� shows the accumulation of the individual amplitude gains
kHl�(
k on a growing number of basal stages and the accumulated gain
kGk�(
k for several cases of resolution b and quality factors Q� An impor�
tant point to notice is that for � � b � �� and for any resonant Q� the nor�
malised pseudo�resonant frequency (PR is about ��� octaves higher than
the normalised peak frequency (p of the stage k alone� Since Gk�(
 also
measures the gain of the stage k' b log�( at the characteristic frequency
of stage k� this implies that the stage k'dPR with highest amplitude gain
at the characteristic frequency of stage k is located dPR stages toward the
apex from stage k� where

dPR % b
�
��� ' log�

p
�� ���Q�

�
�����


is the pseudo�resonant distance� For an individual quality factorQ between
��� and �� the pseudo�resonant distance lies between ����b and ����b� while
the pseudo�resonant gain GPR easily reaches the ��dB required to match
physiological data as shown in section ������

����� Quality factor control loop

In order to locally control the pseudo�resonant gain Gk�(
 at the out�
put of stage k� only the quality factors of the stages participating to the
pseudo�resonance have to be controlled� A natural way of doing this� is to
distribute the signal controlling the quality factor over this range�

The spatial distribution of the quality factors Q�d
 % Qk�d on the
pseudo�resonant region around stage k depends on the distribution of the
control signals ic�d
� in response to the distribution 	Vvbm�d
 of the peak
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Figure ���� Pseudo�resonance� a� accumulation of amplitude gain of L individ�

ual stages toward the base from stage k �Gk �
Qk

l�k�L
Hl�� as a function of

normalised frequency � � f�fck� resulting amplitude gains for several b� reso�
lutions �stages per octave b� and c� quality factors �as a function of frequency f
normalised to peak frequency fPk of individual stage k��

basilar membrane velocity signals at the output of stages k' d� Similarly
to the single stage presented in section ������
� the control signals ic�d

are made proportional to the peak amplitude 	Vvbm�d
 of the di�erentiator
outputs� but they can interact between stages� which is expressed by the
spatial convolution product

ic�d
 %
�X

d����

F �d� d�
 	Vvbm�d�
� �����


where F �d
 represents the spatial distribution of the feedback gains around
any stage k in the cascade� In the single stage control loop of section ������
F ��
 % F and F �d �% �
 % ��

As mentioned in paragraph ������ the spatial distribution around stage
k of the cascade�s output responses at the characteristic frequency of stage
k can be expressed using the gain function of equation �����
 in which Ql�d
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must be used instead ofQl� Since the equivalence between stage index shift
d and relative frequency ( applies also to the di�erentiators� the spatial
distribution 	Vvbm�d
 around stage k can be expressed by

	Vvbm�d
 % kGD�d�(
k 	Vdin�� �����


where
kGD�d�(
k % kGk�(�

d�b
k(�d�b �����


is the amplitude gain of the cascade after stage k ' d� including the dif�
ferentiator Dk�d� at frequency (fck� while 	Vdin� is the peak amplitude of
the cascade input signal�

Hence� using equations ����
� �����
� and �����
� the distribution of the
quality factor Q�d
 on stages k ' d can be calculated by

Q�d
 %
�

�

�
� '

�Qmax � �

�Qmax
	Vdin�GOL�d
 ' �

�
� �����


where

GOL�d
 %

�X
d����

F �d� d�
kGD�d
��(
k �����


is the open loop gain distribution resulting from the spatial convolution of
the feedback gain distribution F �d
 with the distribution kGD�d�(
k of
the amplitude gains in the cascade�

Since kGD�d
k�and� thus� GOL�d
�depends on the quality factors
distribution Q�d
� equation �����
 has the form of a nonlinear system of
equations

Q�d
 % Q�d� 	Vdin�� Q��L
� ���Q�M

� �����


The size of the system to solve is given by the range �L � d � M for
which 	Vdin�GOL�d
 substantially modulates the quality factors Q�d
�

The amplitude gains distribution kGD�d
k with identical quality fac�
tors Q�d
 % Q all along the cascade can be approximated using a nor�
malised gain

gD�d
 � Q�pGkGD�d' dPR
k �����


which has its maximum at d % � ��gure ���a
� The modulation of the
quality factors by control signals ic�d
 having the same distribution as
the normalised gain gD�d
 and amplitudes varying on the expected ��dB
output dynamic range ��gure ���b
 yields its maximal e�ect at a quality
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�� CHAPTER �� VLSI ACTIVE COCHLEA

factor modulation distance dQM close to the pseudo�resonance distance
dPR� Figure ���c shows that on a b % � stages per octave cascade� the
amplitude gains of the stages k ' � and k ' � are most attenuated� This
quality factor best modulation distance dQM between � and � is similar to
the pseudo�resonance distance dPR lying in this case between ����b % ����
and ����b % ����

This means that the stage k'dPR has the best response 	Vvbm�dPR
 to
an input signal at the characteristic frequency of stage k� whereas the same
stage k ' dQM is the most sensitive to a control signals ic�d
 having the

same distribution as the peak basilar membrane velocity signals 	Vvbm�d
�
but shifted by �dPR in order to have its maximum ic��
 at stage k� Since
the most e�cient quality factor adaptation is performed for the highest
open loop gain� the feedback gain�s spatial distribution F �d
 should have
its maximum at d % �dQM � In conclusion� the output of any stage in

the cascade must control the quality factor of a stage located at a basal

distance �dQM � corresponding to an increase of characteristic frequency

between one sixth to one third octave �Figure ���
�
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Dd

Fd
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Figure ���� Cascade quality factor control loop� the feedback gain distribution
F �d� shifts toward the base at a distance dQM � dPR the output signal with
highest peak amplitude occurring at stage k � dPR�
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As mentioned in section ������ the feedback gain distribution F �d
 mod�
els the IHCs and the MSR blocks� The distribution of F �d
 can thus model
interactions between stages that may occur at higher levels of auditory pro�
cessing� such as lateral inhibition� di�usion and nonlinear spatial �ltering�
As for the basal shift �dQM � its biological counterpart is plausible� since
a�erent �bres of the inner hair cells are paired with the a�erent �bres of
the outer hair cells located where the characteristic frequency is one sev�
enth to one third octave higher "��#� The operating point of the outer hair
cells is likely to provide the auditory brainstem with information relative
to the signal level� which has been lost by the gain adaptation�

����� Closed loop amplitude gain

The closed loop analysis of the Q�control scheme consists of solving the
system �����
� In this analysis� the simplest feedback gain distribution
is imposed� i�e� F ��dF 
 % F and F �d �% �dF 
 % �� where dF is an
integer such that ��� � dF �b � ���� according to the conclusion about
the best quality factor modulation distance dQM �paragraph �����
� The
term GOL�d
 in equation �����
 equals in this case FkGD�d'dF �(
k and
it depends on the quality factor distribution Q�d
� since kGD�d'dF �(
k is
the product of amplitude gain functions of stages with the quality factors
that follow the distribution Q�d
� An iterative loop must estimate the
distribution Q�d
 on a range of stages for which Q�d
 is substantially
modulated by the feedback loop�

This iterative loop can advantageously be driven by the averaging per�
formed in the MSR blocks� The MSR is estimated by averaging the IHC
output Vihc of every stage in the cascade according to a �rst order low�
pass �ltering ���s�a'�
� Using equation �����
� the quality factor control
signal ic�d
 can be described in the time domain identically for each stage
by

�a

 ic�d� t



 t
% F 	Vvbm�d' dF � t
� ic�d� t
� �����


where the distribution 	Vvbm�d� t
 of the di�erentiator outputs is controlled
in time by the input peak amplitude 	Vdin��t
 and in space and time by the
distribution at time t of the amplitude gain kGD�d�(� t
k of the cascade�
according to equation �����
�

Figure ��� shows the simulation result of such a closed loop analysis�
performed on a b % � stages per octave cascade with a quality factor
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limited at Qmax % ���� In �gure ���a� the amplitude gain after stage k'd
at the characteristic frequency of stage k is represented as a function of the
stage shift d relative to stage k� The index d equivalently represents the
frequency in b�th of an octave relative to the characteristic frequency of
stage k� The peak amplitude gain adapts from ��dB at ���dB input level to
nearly ���dB at �dB input signal� yielding the ��dB dynamic compression
also measured on biological cochleae� The shift of the peak frequency (PR
from ��� octave to ���� octave relative to the characteristic frequency as
well as the frequency selectivity decrease for an increasing input level are
also in accordance with physiological data� Figure ���b� in addition to
the level adaptation� shows the level transition enhancement which might
improve the detection of relevant features in the speech signal and help its
segmentation into phonemes�

����	 Cochlear 
lter stability

Instability can occur locally in a single stage k if �iQmax 	 � in equa�
tion ����
 leads to a negative value of Qmax� In this case� according to
equation ����
� the quality factor Q of this stage becomes negative with
ic % �� that is� in absence of any input signal� As a result� the real part
of the poles of the transfer function Hk�(
 becomes positive� Any pertur�
bation would cause its output signal Vdbm to oscillate with an amplitude
growing exponentially� Thanks to the quality factor control loop� as the
amplitude of Vdbm grows� the control signal ic grows proportionally until
it yields a quality factor Q % �� for which Vdbm stabilises to a peak
amplitude 	Vosc� This amplitude is directly related to the control signal
icosc % ����Qmax yielding Q % ��� The resulting output oscillation at
the output of the second�order stageHk�dF has therefore a peak amplitude

	Vosc %
�iQmax � �

F
� �����


This oscillation does however not propagate apically in the cascade� Since
its frequency equals the characteristic frequency of the oscillating stage� it
is rapidly attenuated by the sharp cuto� at the following stages�

This sustained oscillation caused by a misfunction of the outer hair
cells was observed in the biological cochlea as an otoacoustic emission�
which strongly suggested that an active process performs the automatic
gain control in the cochlea�
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an input signal at the characteristic frequency of stage k with input levels X
between ���dB and �dB� b� time evolution of the output level Y for an input
level X increasing then decreasing by steps between ���dB and �dB �time t�

normalised to the time constant �a of the MSR low�pass �lter��
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��� Time simulations

����� Computer model

In order to verify the behaviour of the model in the time domain and
by this the stability of the Q�control loop �not taken into account by
the frequency description of paragraph �����
� a computer implementation
of the model was written in C� The computer model features for each
stage the digital implementation of the linear second�order band�pass �lter
H�s
D�s
 of equation �����
� the full wave recti�cation of its output and
then its averaging with a digital implementation of a �rst order low�pass
�lter F��s�a ' �
� yielding the Q�control signal ic� The Q�control loop
is closed by adjusting continuously the quality factor Q of the band�pass
�lter located dF stages toward the base using equation ����
�

All the results below were produced using a �lter cascade set with a
characteristic frequency decreasing by one octave every b % � stages� The
Q�factor of each stage was controlled between ��� and Qmax % � by the
MSR output of the stage located dF % � stages toward the apex� The
feedback gain was set to F % � and the MSR time constant to �a % ��ms
���Hz cuto� frequency
�

����� Level compression and transient enhancement

In order to illustrate the level compression and the frequency selective tran�
sient enhancement performed by the Q�control in the entire cascade� the
computer model was excited with a �kHz tone having step�varying levels�
Figure ���a shows that an ��dB input dynamic range is compressed into
a ��dB output dynamic range thanks to a pseudo�resonant gain varying
between ��dB and ���dB� The frequency selectivity of this gain is shown
in �gure ���c� where the stage index axis equivalently represents the fre�
quency of an input tone �numbered in sixth of an octave decreasing from
the characteristic frequency of the �rst stage
� this plot represents thus
also the frequency response of the most sensitive stage �marked by the
vertical line
� Figure ���a and c� obtained from the time simulation� are in
quite good accordance with �gure ���a and b� respectively� obtained with
the frequency model of paragraph ������ Since the gain is adjusted with
the large time constant of the MSR block� abrupt level changes in the in�
put signal result in strong over� and undershoots of the basilar membrane
velocity� as detailed in �gure ���b� The delay between the input level
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Figure ���� Time simulation results� a� peak basilar membrane velocity �solid
line� of the best responding stage to an input basilar membrane peak displace�
ment �dashed line�� b� full wave recti�ed basilar membrane velocity �IHC output�
for the transient marked in a�� c� amplitude gains between input basilar mem�
brane displacement and stationary basilar membrane velocities at each stage for
several input levels�

transition and the reaction of the output is due to the accumulation of the
individual stage�s delays all along the cascade� not taken into account by
the frequency model�

Moreover� the Q�control loop was veri�ed to keep the entire system
stable even without MSR low�pass �lter�
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����� Two�tone suppression

The frequency selective automatic gain control is well illustrated by the
two�tone suppression e�ect which was also shown in live cochleae "��#�
The response to a probe tone is reduced when a suppressor tone is simul�
taneously presented� This reduction depends on both suppressor level and
frequency� The two�tone suppression curve� as well as the closely related
tuning curve� are usually drawn from the neural response measured on the
auditory nerve� They represent the input tone level needed� as function of
its frequency� to obtain a given output level�

Figure ���a shows the tuning curve at the output of the stage which
best responds to a �kHz reference tone at a level of �dB �according to the
experiment of section �����
� Each curve follows an isoamplitude of basilar
membrane velocity in the plane of the input tone�s level and frequency�
Figure ���b shows the two�tone suppression curve� which is the tuning
curve of the basilar membrane velocity component at the frequency of the
probe tone in the plane of the suppressor tone�s levels and frequencies� The
isoamplitudes are given as percentages of the basilar membrane velocity in
response to the probe presented alone� The probe tone had the same level
and frequency as the reference tone of the tuning curve ���a� The increas�
ing levels needed for the suppressor to notably suppress the probe when the
suppressor frequency moves away from the probe frequency demonstrate
that the suppression performed by the frequency selective automatic gain
control is active in a limited frequency range�

����� Speech cochleogram

One of the ultimate goal of a cochlear model is to preprocess e�ciently
speech signal for recognition by man �cochlear implants and hearing aid

or by machine �automatic speech recognition system
� The potential ef�
�ciency of the processing performed by the active cochlear �lter cascade
model must therefore be evaluated on such natural signals� In automatic
speech recognition� in order to be insensitive to the speaker�related pitch�
the e�ect of the glottal pulses remaining in the band�pass �ltered envelopes
of the speech signal at the IHC output of the cochlea has to be removed�
This can be done by low�pass �ltering these envelopes� Such �ltering must
have a cuto� frequency below the pitch frequency� but the large integration
time constant of such a �lter would also remove the transients occurring
at the plosives� which contain relevant speech information� The automatic
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Figure ���� a� Tuning curves� loci of the isoamplitude of the basilar membrane
velocity �relative to its value in response to a reference input tone� in the plane
of the input tone�s level and frequency� b� two�tone suppression curve� loci of
the isoamplitude of the basilar membrane velocity component at the frequency
of the probe tone �relative to its value in response to the probe tone presented
alone� in the plane of the suppressor tone�s level and frequency�

gain control solves this problem by enhancing the transients that appear
once in a while in the envelopes of the speech signal� whereas the regular
pitch pulses are �ltered out by the MSR estimator�

The utterance  print preview! pronounced by a female speaker across
a telephone line was given as an input to a �� stages cascade� The level
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compression performed by the Q�control is illustrated in �gure ����� where
the MSR output of stage �� �having a characteristic frequency CF%���Hz

is compared to two cases with constant quality factors� The Q�control
also reduces the level di�erence between the transients � p!�  t!
 and the
slowly varying parts of the signal � i!�  e!�  iew!
� by about ��dB for this
utterance� Transients are thus enhanced relatively to the average level of
the signal� In utterances where the transients were better pronounced�
they even rose to levels exceeding by far the level of the stationary parts
of the signal� Such high level transients would however be truncated by
the saturations of the VLSI implementation�

Figure ���� shows cochleograms for the same utterance� which con�
sist of the MSR outputs of stages �� to stage ��� spanning characteristic
frequencies from CF%����Hz to CF%���Hz� The �rst �� stages have char�
acteristic frequencies above the telephone band� but they are needed to
accumulate the individual stage�s gains� In the cochleogram ����a� the Q�
factor is controlled between ��� and ���� whereas in the cochleograms ����b
and c the Q�control was disabled� with a Q�factor �xed at Q % ��� and
Q % �� respectively� This illustrates how the transients without Q�control
would appear only weakly on a cochleogram� which can be considered as
the visual equivalent of the perceived speech� In addition to the transient
enhancement� �gure ���� clearly shows that the Q�control also reveal more
structure in the cochleogram�

Although suppression of the pitch pulses might improve speaker in�
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Figure ����� MSR output of stage �� for the utterance �print preview� pro�
nounced by a female speaker across a telephone line�
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Figure ����� MSR cochleogram for the utterance �print preview� pronounced
by a female speaker across a telephone line a� with Q�control� b� with a constant
quality factor Q � ��� and c� Q � ����

dependence for automatic speech recognition� it would also suppress a
relevant cue that helps source separation in the well known  cocktail par�
ty! problem� Nevertheless� pitch pulses are suppressed at the level of the
MSR output� but they are still present at the inner hair cell output of the
cochlea projecting on the auditory nerve� Di�erent higher�level processing
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stages parallel to the MRS block may still use this pitch signature of an
individual speaker to help focusing on its speech stream�

��� VLSI implementation

����� Second�order stage with di�erentiator

The second�order stage cascade modeling the basilar membrane displace�
ment as well as the di�erentiators converting its outputs into the basilar
membrane velocity all along the cascade are the same as described in
"��� ��#� the mirrors copying the currents of the OTA�s di�erential pair to
its output node in the �rst BM OTA and in the OHC OTA are merged�
and the scaled di�erentiation s� is performed by taking as an output the
voltage di�erence between the outputs of the �rst and the second BM
OTA� However� in order to minimise the systematic dc o�set of the �lter
due to the output conductance of the transistors in the OTAs� mirrors
and di�erential pair� large output range OTAs with cascoded output were
preferred ��gure ����
� The cascode transistors reduce the output con�
ductance of the OTA�s output mirrors whereas the structure of the wide
output range OTA symmetrizes the drain voltage of the di�erential pair
transistors and� thus� their output conductance� reducing the systematic
dc o�set voltage of the follower�connected OTAs� Systematic dc o�set ac�
cumulates along the cascade and might bring the operating point of the
apical stages out of their operational domain� reducing it allows thus to
implement longer cascades�

Because of the limited slew�rate of the BM OTAs due to their load
capacitance C� � a limit�cycle oscillation may occur when the OTA�s out�
puts saturate to their bias current� According to the analysis shown in
"�#� this large signal oscillation occurs if IQ�I� 	 �� '

p
�
�� % ������ Us�

ing the de�nition of � in equation ����
� the second�order stage prevents
this oscillation if gmQ��gm� � ������� On the other hand� small signal
stability is ensured if gmQ��gm� � �� Therefore� with ������ 	 �� the
limit�cycle oscillation is prevented as long as the small signal stability is
ensured� This condition is imposed by degenerating the di�erential pair of
the BM OTAs using diode connected transistors� yielding for these OTAs
a linear input voltage range �n'�
 times larger than the OHC OTA� and
thus

� %
n' �

�
� �����
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Figure ����� Second�order low�pass �lter� the di
erential pair of the BM OTAs
are degenerated by the transistors Td� the current mirrors copying the OTA�s
di
erential pair currents to its output node are shared between the OTAs BM�
and OHC�

where n is the slope factor of the diode�connected transistors Td "��� ��#�
The slope factor n is always greater than unity� which implies that the
small signal instability occurring when IQ reaches �I���n' �
� and which
is limited to this value by the quality factor feedback loop� never allows a
large signal oscillation to persist�

����� Quality factor control

A remarkable improvement in the regularity of the frequency character�
istics along the cascade can be obtained using compatible lateral bipolar

transistors �CLBTs
 "��� ��# to impose the bias currents I� decreasing
exponentially along the cascade� while ensuring a constant I��IQ "��#�
Using this technique� the ratio IQ�I� modulating the quality factor inde�
pendently for any stage can be controlled by a translinear loop including
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these CLBTs� The circuit proposed in �gure ���� generates IQ and I�
from the currents IQmax� Ic ' I� and I� according to equation ����
� The
currents IQmax and Ic'I� are imposed at the collectors of the CLBTs Tqm
and Tc� respectively� whereas I� is imposed by the voltage V� at the base
of Tt� tapped on the resistive line controlling the exponential decrease of
the characteristic frequency along the cascade� The common voltage VQ at
the emitters of the CLBTs Tq and Tqm is controlled by the MOS transistor
Te which sinks these emitters with a current that allows their respective
collectors to sink the required currents IQ and IQmax�

The output conductance of each CLBT is reduced by cascoding it using
a MOS transistor� A compact layout can be obtained by sharing the base of
the CLBT with the bulk of this cascode transistor� The cascode transistor
is biased using an additional cascoded CLBT� as shown in the base and
apex bias generation circuit of �gure ���� "��#�

������
������
������

11

V+
Iτ IQ IQmax Ic+I0Iτbase Iτapex

resistive poly line

VE

VQ
Te

Tt
Tq

Tqm
Tc

V+
V-

apex bias
generation

base bias
generation

bias generation
of stage k

translinear loop

Vτ

Figure ����� Translinear loop� the emitter current of transistors Tq and Tqm
is sinked by the transistor Te� inset� in each cascoded CLBT� the bulk of the
cascode MOS transistor corresponds to the base of the CLBT� and the emitter
of the parasitic vertical transistor is connected to substrate �V��� the gate of
the MOS transistor implementing the CLBT is connected to the lowest voltage
�V�� to set it in the accumulation regime�



���� VLSI IMPLEMENTATION ��

An important point to analyse is the e�ect on the quality factor of
the dispersion of the translinear loop input currents� According to equa�
tion ����
� for a maximal quality factor Qmax 	 � at every stage� the
condition �iQmax � � must be respected for every stage� Allowing vari�
ations of �� % �iQmax within the range ���max�� leads to a nominal
maximal quality factor

Qmax %
� ' ��max
���max

� �����


so that �� � ��max ensures Qmax��
� ' ���

�
 	 �� However a negative
variation within the same range can be shown to reduce Qmax by up to a
factor two� Qmax��

� � ��max�
�
 % Qmax��

�
���
The variations �� of �� depend on the matching of n� IQmax and I�

all along the cascade� which may result in important variations of ���
Equation �����
 shows that a ��$ variation of �� allows a nominal Qmax %
�� with a worst case Qmax % � while ensuring Qmax 	 � in any case�

����� IHC recti
er

The function of the recti�er is to generate a dc component from the basilar
membrane velocity signal� The basilar membrane velocity is available at
the level of the BM second�order �lter as the voltage di�erence Vvbm�
Therefore an OTA su�ces to generate a current Ivbm % gmaVvbm� This
current can be half�wave recti�ed using a single diode at the output of this
IHC OTA� but in order to limit the large voltage swing at the output of
the IHC OTA resulting from its large load resistance when the diode is
blocked� the current wave blocked by the diode is sinked through a second
diode� Full�wave recti�cation can be performed by mirroring this negative
current wave to the output of the recti�er ��gure ����a
�

The delicate points to master in this circuit are related to its need
to rectify a very small current varying at frequencies up to the highest
characteristic frequency of the cascade �at least up to �kHz� for speech
signal processing
� The recti�ed current must be as small as possible
because it will determine the large time constant �a of the MSR low�pass
�lter together with its capacitance Ca� which must in turn be small enough
not to waste chip area�

The time to switch from a negative current �Ivbm to a positive one
Ivbm depends on the charge accumulated on the parasitic capacitance Cm
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at the output of the IHC OTA� This switching time tsw can be estimated
by

tsw %
Cm&Vm
Ivbm

� �����


where &Vm is the excursion of the IHC OTA output voltage� The para�
sitic capacitance Cm is minimised by connecting the source of the diode�
connected transistor Tn �NMOS
 and Tp �PMOS
 to the output of the IHC
OTA� eliminating so the gate capacitance of these transistors� The excur�
sion &Vm is estimated using �gure ����b� which represents on a logarithmic
scale i� % ln�I�ID�n
 the currents Ip and In �whose sum equals the recti�er
output current Iihc
 as a function of Vm for �xed Vp and Vn� All voltages
are normalised to the thermal voltage� v� % V�UT � The reference current
ID�n % ISn exp��vT�n�nn
 depends on the technological parameters of
the transistor Tn� whereas the term A % ln�ID�p�ID�n
� v���np � �
�np
expresses those of transistor Tp relative to transistor Tn� The voltage vari�
ation &Vm of the IHC OTA output node when its current switches from
'Ivbm to �Ivbm is thus given by

&Vm % �UT ln
Ivbm
Ip�

� �����


where Ip� is the current leaking through the diodes when Ivbm % �� This
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Figure ����� a� IHC full wave recti�er� b� forward �IFp�n� and reverse �IRp�n�
currents in the diode�connected transistors Tn and Tp are represented on a log
scale as function of the IHC OTA output voltage normalised to UT �
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leakage current Ip� is determined by the voltage di�erence Vn � Vp� The
recti�er output voltage Vp may be assumed almost constant if the large
capacitor Ca of the MSR low�pass �lter loads directly the output of the
IHC recti�er� shorting so the ac component of the recti�ed current Iihc�
As for the voltage Vn� it is imposed independently from In by the cur�
rent conveyor T��T�� The value of Vn is advantageously imposed by the
required leakage current Ip� using an identical current conveyor �T��T�

and a current mirror �T��T	
�

Imposing a leakage current Ip� less than �$ of the amplitude of Ivbm
and a switching time shorter than a quarter of a period at a characteristic
frequency of �kHz and assuming a capacitance Cm % ��� pF� the amplitude
of the IHC OTA output current Ivbm must be larger than ��� nA�

����� MSR low�pass 
lter

In order to estimate the mean value of the basilar membrane velocity� the
MSR low pass �lter separates the dc component )Iihc from the harmon�
ics generated by the recti�cation of the basilar membrane velocity signal
Ivbm % gmaVvbm�

The Q�control loop has been shown by time simulations to maintain
the system stable even without �ltering the ac components of the IHC
output block� However� it reinjects the harmonics generated by the IHC
recti�er into the BM block� These harmonics do not propagate apically
in the cascade thanks to the sharp pseudo�resonant cuto�� but they still
a�ect locally the signal to be processed� Moreover� in order to enhance
the transients in the band�pass �ltered envelopes of the speech signal� the
automatic gain control loop must react more slowly than the temporal evo�
lution of these envelopes� Since these envelopes vary with a time constant
of several milliseconds� the MSR block controlling the reaction time of the
Q�control loop must have a maximal cuto� frequency at a few hundreds
hertz� This low�pass �ltering is also intended to remove the periodic pitch
pulses remaining in the band�pass �ltered envelopes of the speech signal�
whose frequency can descend down to ��� Hz for some speakers�

The MSR low�pass �ltering is implemented by injecting the recti�er
output current Iihc into a capacitance Ca in parallel with a conductance ga�
The voltage Va across ga or the current Ia �owing through it is proportional
to the mean basilar membrane velocity signal �see �gure ���
� It will thus
be used to generate the current Ic to be injected into the translinear loop
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controlling the quality factor as described in paragraph ������

The conductance ga can be implemented by a single MOS transistor
��gure ����a
 or by an OTA ��gure ����b
� In both cases� the value of
the linearised conductance ga is determined by the dc current Ia �owing
through it� thus in weak inversion

ga�Ia
 %

����
��	

Ia
nUT

single transistor

IB
�nUT



�� I�a

I�B

�
OTA�

�����


where IB is the bias current of the MSR OTA ga and the dc current Ia
corresponds to the mean recti�er output current )Iihc� which is proportional
to the mean basilar membrane velocity� The MSR time constant �a %
Ca�ga will thus depend on the mean basilar membrane velocity�

It can be shown that the OTA implementation reduces by almost a fac�
tor two the variations of this time constant with the dc current level� within
the operation range of the model� moreover� since the OTA transconduc�
tance is halved compared to a single MOS transistor biased with the same
dc current� the large time constants can be implemented on a half�sized
capacitor� saving area if the capacitor is much larger than the OTAs�

The degeneration of the OTA�s di�erential pair by diode�connected
transistors decreases once more the transconductance gma� �and thus
decreases the required capacitor area for the same time constant� by a
factor n'� at the price of four additional transistors �since in this case the
di�erential pair of the feedback OTA gmF must be degenerated similarly to

-
+ -

+ga gmF

ga gmF

IB IFIaIihcIihc

va va

Ca
Ca

I’0 I0Ic+

M F

I0

Ic I0Ic+

a) b)

Figure ����� MSR low�pass �lter� implementation using a single MOS transistor
�a� and an OTA �b� for the conductance ga�
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keep the transconductance ratio gmF �ga independent of the mean basilar
membrane velocity
�

Using degenerated OTAs with a capacitance Ca % ��pF� a ���Hz cut�
o� frequency can be obtained with a bias current IB % ���� nA� With
a maximal mean recti�er output current )Iihcmax % ����IB �which corre�
sponds to a MSR OTA output current Ia�Va
 ��$ lower than its value
gaVa with a transconductance ga linearised around Ia % �
� the expected
��dB dynamic range of the basilar membrane velocity permits to estimate
a minimal mean current )Iihcmin % � pA at the output of the recti�er�
which reaches the limits of the leakage current of MOS transistors�

Since the input current Iihc of the MSR block is directly produced
by the recti�cation of the IHC OTA output current Ivbm� the minimal
peak value 	Ivbmmin of the IHC OTA output current� assumed here to be
a sine wave� amounts to Ar

)Iihcmin� where Ar is the ratio between the
dc component of a full�wave�recti�ed sine wave and its peak amplitude�
thus Ar % ��� and 	Ivbmmin % ��pA� In section ����� it has been shown
that the current Ivbm must equal ���nA to rectify signals at �kHz� The
leakage current Ip� was set ��� times smaller� thus only � times smaller

than the minimal peak IHC OTA output currents 	Ivbmmin % ��pA� With
this minimal value� equations �����
 and �����
 give a switching time that
properly recti�es a signal at a maximal frequency of ���Hz in the same
conditions� Such a maximal frequency is too low at the basal stages of the
cascade where the characteristic frequency is higher�

The IHC OTA has its minimal output current imposed by the high fre�
quency limit of the recti�er given by the highest characteristic frequency
in the cascade� On the other hand� the maximal mean recti�er output
current is imposed by the minimal MSR time constant required to aver�
age signals having a frequency corresponding to the lowest characteristic
frequency in the cascade� This situation may be exploited by grading the
currents biasing the IHC and MSR OTAs along the cascade similarly to
the bias current I� de�ning the characteristic frequency of the BM second�
order stage �see paragraph �����
� Doing so� high frequency are recti�ed
properly and averaged with a higher cuto� frequency� whereas low fre�
quency components can be averaged with a larger time constant since
slower switching can be tolerated for their recti�cation�

Exploiting further the structure of the �lter cascade� an additional so�
lution is implemented to better remove the ac oscillation of the recti�ed
basilar membrane velocity signal� Since the BM sections are modeled by
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second�order stages� the basilar membrane velocities measured at adjacent
stages have a phase di�erence close to ��� near their characteristic fre�
quencies� for which they also have the largest amplitude� Summing the
output currents of full�wave�recti�ed sine waves shifted by a quarter of a
period yields a signal whose �rst ac component has a frequency four times
higher than the one of the input sine wave� a twofold attenuation can
be obtained with the same �rst�order MSR low�pass �lter� This  double�
wave recti�cation! increases thus the ratio between the dc components
of the mean basilar membrane velocity and its ac components� This ad�
ditional attenuation reduces the ac components reinjected into the �lter
cascade through the Q�control loop� but it does not increase the MSR time
constant� Assuming the MSR �ltering to be linear� this summing of MSR
inputs of adjacent stages is equivalently performed on their outputs� where
the current levels are more important� Doing so� this interaction between
stages is performed together with the feedback of the MSR output of a
stage k to the Q�control block of the basal stage k � dF � as it will be
described in paragraph ������

����� Feedback gain distribution

According to equation �����
� the current Ic at the output of the MSR
of the stage k must control the quality factor of the cascade through the
distributed feedback gain F �d
 having its maximal value at d % �dF � The
simplest distribution F ��dF 
 % F and F �d �% �dF 
 % � is implemented
by connecting the output node sourcing Ic in the MSR block of stage k�
to the collector of the CLBT transistor Tc in the translinear loop of stage
k � dF �

The disadvantage of this �xed connection is its limited �exibility� since
dF has been shown in section ����� to lie between b�� and b�� for the most
e�cient quality factor control loop� The number of stages per octave b
can be adjusted by the characteristic frequencies of the �rst and the last
cascade stage through the resistive line "��#� but it should therefore not
extend too far outside the limits �dF and �dF �

Figure ���� shows the implementation of such Q�control loop at a feed�
back distance dF % �� It includes the summing of adjacent stage�s MSR
output reducing the remaining ac oscillations of the Q�control signal ic
�see paragraph �����
�
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Figure ����� Implementation of the Q�control loop at a feedback distance dF �
�� including the summing of adjacent stages� MSR output current reducing the
remaining ac oscillations in the Q�control signal�

����� Bias currents generation

Figure ���� shows the generation of the di�erent bias currents within a
stage k and at the level of the full circuit� The bias currents IB of the
IHC and MSR OTAs gma and ga are identical since the output current of
the latter is the mean recti�ed output current of the former� According
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Figure ����� Implementation of bias currents for one stage of the cascade� for
illustration clarity� in this diagram the MSR output of stage k controls the OHC
of the same stage k �feedback distance dF � ��� for the same reason CLBTs are
not shown cascoded�
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to the conclusion of paragraph ������ the value of IB is scaled with the
characteristic frequencies of the BM �lters using an additional resistive
line�

The bias current IF controlling the transconductance gmF of the feed�
back OTA is scaled with the normalising current I� in order to have a
controlling variable ic % Ic�I� independent of I�� The control variable
ic saturates thus at a value M corresponding to the gain of the mirror
generating IF from I��

Finally� in order to minimise the dispersion of the maximal quality
factors Qmax along the cascade� the bias currents I� and IQmax are dis�
tributed among stages using CLBTs� The dispersion of the current in
identical MOS transistors set in weak inversion and having the same gate
voltage depends exponentially on the dispersion of their threshold voltage�
which can have important gradient on the chip surface� The long dis�
tance distribution of I� and IQmax along the cascade is thus performed by
CLBTs� whose current is independent from this threshold voltage thanks
to their bipolar mode of operation� In most CMOS technologies� only one
type of CLBT can be implemented� MOS mirrors cannot be avoided to
give the currents I� and IQmax the appropriate polarity� However� these
mirrors are local and the mismatch of their threshold voltage is expected
to be less important on this short distance� moreover� its e�ect can be
reduced by layout techniques that cancel locally the threshold voltage
gradients �common centroid geometries "��#
� Note that the CLBTs im�
plementing this long distance current distribution are cascoded and biased
as in �gure ���� �not shown in �gure ���� for clarity
�

����� E�ect of internal noise

The automatic gain control can theoretically compress a �� dB input dy�
namic range into a ��dB output dynamic range� but this input dynamic
range is limited between the internal noise generated by the circuit and
the saturation of its elements� The BM OTAs saturate at voltages above
Vdbm � ��mV �which corresponds to a ��$ deviation from the linear
transconductance gm� 
� Since in this case the cascade gain is lower than
unity� this value de�nes the maximal input level� At a given output of
the cascade� the minimal input level must produce a power equal to that
resulting from internal noise� The noise VvbmN at the basilar membrane
velocity outputs when no input is present must therefore be estimated�
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This estimation will be performed with the Q�control loop disabled� Since
this estimation is done for low level signals� its value will be almost iden�
tical as the one resulting from the Q�controlled cascade�

The major contribution of this noise results from the accumulation
along the cascade of the internal noise generated by each stage� The input�
referred noise of each OTA of the second�order �lter is represented by its
noise resistance RN which generates a voltage noise vN having a power
spectral density sN % �kBTRN � where kB is the Boltzmann constant
and T the temperature in Kelvin� This input noise resistance is split
into two components� RN % RT ' RF � where RT produces the thermal
contribution of the noise and RF its �icker contribution� The thermal
resistance depends on the OTA transconductance� RT % �T �gm� For
the BM OTAs� it can be expressed in terms of �lter�s time constant and
capacitance�

RT� % �T�
�

C�
� �����


whereas for the OHC OTA it also depends on the quality factor�

RTq %
�Tq

�� ��Q

�

C�
� �����


The �icker resistance is frequency dependent�

RF %
�F

CF ��f
� �����


where CF has the dimension of a capacitance� The noise factors �T��q
and �F��q of the OTAs� as well as the �icker capacitance CF are con�
stants which depend only on the design of the OTAs and technological
parameters�

The thermal and �icker noise power contribution V �
T�F �n� d
 of the

second�order �lter of the stage n� d at the di�erentiated output of stage
n is calculated by integrating over frequencies the sum of the noise power
spectral density generated by each noise resistance in the stage n�d mul�
tiplied by the squared transfer function between the noise resistance and
the di�erentiated output of stage n� The small signal analysis of the noisy
cascade in �gure ���� yields �see details in appendix A��
�
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where

Gn�d�(
 %

nY
l�n�d

kHl�s % j(��n
k �����


expresses the gain accumulated on a b stages per octave cascade from the
stage n � d to the stage n� as a function of frequency normalised to the
characteristic frequency of the stage n� All integrals converge� included for
the �icker noise since its ��f dependency yields an output power spectral
density proportional to f thanks to the di�erentiation performed in the
stage n� The factors *T�F �Q
 include the noise factor of both BM and
OHC OTAs and depend on the quality factor�

*T �Q
 % �T�

h
� ' ��� ��Q


�
i
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Equations �����
 and �����
 do not apply for d % � because the noise
contributions V �

T�FD % V �
T�F �n� �
 of the stage n itself is di�erent �see

appendix A��
�
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Note that the �rst integral of equation �����
 has its lower limit set to
(� instead of � in order to make it converge� It is the only contribution
where the ��f dependency of the �icker noise is not compensated by the
di�erentiation D�s
 performed by the IHC� The value of the lower limit
(� is practically determined by the observation time window used for
measuring the noise�

The internal noise power V �
vbmN �n
 generated by the entire cascade at

the basilar membrane velocity output of the stage n is given by summing
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the noise power contributions of every stage�

V �
vbmN �n
 % V �

TD ' V �
FD '

nX
d��

�
V �
T �n� d
 ' V �

F �n� d



� �����


Equation �����
 shows that the thermal contribution decreases expo�
nentially with d� Since the accumulated gain Gn�d�(
 also reaches a value
that does not anymore depend on d for large enough d� the thermal noise
at the stage n will reach a constant value� even for n growing to in�n�
ity� This is explained by the fact that the thermal noise power generated
by each �lter H�s
 is the same �Q�*T �Q
 ' �T� 
kBT�C� 
� and since the
bandwidth of the �lter increases exponentially toward the base� the ther�
mal noise power spectral density decreases at the same rate� The power
spectral density of each �lter having to be integrated within the bandwidth
of the cascade after stage n� which is narrower than the one of the basal
stages n � d� the thermal noise contribution of basal stages will decrease
exponentially� resulting in a thermal noise power independent of the length
of the cascade� The situation is di�erent for the �icker noise� The �rst
term in the right hand�side of equation �����
 does not decrease exponen�
tially with d� The reason is that each stage generates a �icker noise with
the same power spectral density� since RF depends only on �xed layout
parameters �the area of the transistors
� After the build up of the cascade
gain� the �icker noise at the output of the stage n increases linearly with
n�

Figure ���� shows the dynamic range of an input tone at the frequency
at which a stage n best responds� yielding a basilar membrane velocity
lying between the saturation of the second�order �lter�s OTAs and the
rms noise at this stage� It was computed for a b % � stages per octave
cascade with realistic design and technological parameters ��T� % �����
�Tq % �� �F� % ��� �FTq % �� C� % �� pF� CF % � pF
� The e�ect
of the Q�factor on the dynamic range becomes negligible when it reaches
Q % �� In this case� the build�up of the cascade gain together with the
accumulation of the noise along the cascade yields a peak dynamic range
of ��dB after the �rst b stages� The input dynamic range then decreases
linearly �logarithmically on the dB scale
 due to the growing e�ect of the
�icker noise� In a cascade having characteristic frequencies spanning �
octaves� an operational input dynamic range of nearly ��dB is possible�
which is however smaller than the ��dB on which the automatic gain
control is e�ective in a linear and noiseless cascade�
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Figure ����� Input dynamic range yielding a response between the internal
noise and the saturation at the output of stage n� for a cascade set to b � �
stages per octave of characteristic frequency�

����	 Chip measurement results

The circuit was designed for a standard CMOS process �ES� ����
� Since it
is a N�well process� only PNP�type CLBTs are available� As a consequence�
the translinear loop� the second�order �lters� the IHC and MSR OTAs
as well as the biasing transistors are the complementary version of the
diagram shown in �gures ����� ���� and ����� respectively� For the same
reason� the inputs of the feedback OTA gmF in �gure ���� are reversed�

A �� stages cascade� � additional test stages and circuitry for scanning
the cascade outputs on a single pin was integrated on a �mm� chip ����mm�

for the cascade alone� where more than half the area is used by MSR and
BM capacitors
�

The measurements made on chip con�rmed the critical points identi�ed
during the design� namely the dispersion of the individual stages� quality
factors and the e�ect of the internal noise� As for the MSR time constant�
it was impossible to set it large enough to noticeably enhance transients
without degrading the performance of the IHC recti�er� due to the too
small currents required at its output�

The e�ect of the dispersion of the quality factors is illustrated in �g�
ure ����� which shows the maximal cascade open loop gains that could
be obtained� The dispersion of the individual quality factor� and to a
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chip �Q�control loop disabled��

lesser extent its in�uence on the regularity of the exponential decrease of
the characteristic frequencies� is more important than in the VLSI cochlea
"��#� where the bias currents Iq was controlled by a common voltage on
the emitter of every corresponding CLBTs� In the active cochlea presented
here� however� this current depends locally on the currents IQmax and I��
which are locally copied by MOS current mirrors� much more sensitive to
mismatch than CLBTs �paragraph �����
� As a consequence� the peak gain
between the basilar membrane displacement at the input of the cascade
and the basilar membrane velocities along the cascade is limited by the
maximal individual quality factor� which has to be set to a value smaller
than the theoretical Qmax % � in order to ensure the stability of the most
sensitive stage �around stage �� for the measured chip
� Instead of the
expected ��dB� a peak gain larger than ��dB is hardly obtained from the
chip�

This reduced open loop gain� together with the internal noise accu�
mulated along the cascade limits also the input dynamic range e�ectively
compressed by the automatic gain control� as illustrated in �gure �����
Even for very low input level� the closed loop gain saturates to a value
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�� stage chip �Q�control enabled�� for di
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lower than the ��dB open loop gain� because the internal noise generated
by the cascade yields a mean basilar membrane velocity large enough to
reduce the quality factor� and thus the closed loop gain� At high charac�
teristic frequency �CF%�kHz
� the open loop gain has not yet accumulated
to its nominal value� and at lower characteristic frequency �CF%���kHz

the accumulated noise has become too important� The maximal closed
loop gain was obtained at medium characteristic frequency �CF%�kHz
�
but instead of compressing the ��dB input dynamic range into a ��dB
output dynamic range� only a ��dB to ��dB dynamic range compression
could be obtained� This ��dB input dynamic range over which the level
compression is active is within the order of magnitude of the maximal
input dynamic range estimated to ��dB in paragraph ������

Although not as e�ciently as in its computer model� the �mm� low�
power analogue VLSI chip was shown to implement in real�time a �� stages
cochlear �lter cascade featuring a frequency selective automatic gain con�
trol�
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��� Conclusions

The model of the active cochlea proposed in this chapter relies on the as�
sumption that the gain between the vibrations of the basilar membrane at
the base of the cochlea and its vibrations at each position along the cochlea
is modulated by a local measure of the amplitude of these vibrations� This
modulation is performed by controlling locally the damping of the basilar
membrane such that at positions where the amplitude of the vibrations
is small� the basilar membrane resonates with a high quality factor and
inversely� Thanks to the tonotopy of the cochlea� this local modulation of
the quality factor results in a frequency selective automatic gain control�

This gain control can be obtained with the simplest feedback loop�
i�e� a single connection from the averaged IHC output at each position of
the cochlea to the OHC�s Q�control input at a slightly more basal posi�
tion� Since the averaging �MSR
 and feedback connection is assumed to
model higher level of neural processing� more complicated spatio�temporal
processing can be envisaged in the MSR block�

This feedback loop is implemented on a cochlea modeled by a cascade
of �lters� which permits to obtain large open loop gain with small indi�
vidual quality factors� Level compression from ��dB input dynamic range
into ��dB output dynamic range could be obtained on a computer model�
thanks to an accumulated gain varying from ���dB to about ��dB�

This model was integrated on a �mm� low power analogue VLSI chip�
and performed successfully the expected frequency selective automatic
gain control� However� due to internal noise and technological parame�
ters variations� the VLSI implementation could not reach the performance
of the computer model� If the automatic gain control scheme has proven
to bring a valuable improvement in analogue VLSI cochlear modeling� the
�lter cascade structure limiting its performance must be questioned�

The inherent properties of such serial structure is the accumulation of
the characteristics of its individual components�

� the reduced gains of relatively low quality�factor �lters multiply�
yielding accumulated gains that could theoretically reach very high
values�

� the internal noise generated by individual elements accumulates along
the cascade�

� the delays introduced by individual stages add�
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As a consequence� the structure is very sensitive to the performance of
its individual components� A misfunction of one of them has a dramatic
e�ect on all further components in the cascade�

In the particular case of the cochlear �lter cascade� the key character�
istics of its stages vary exponentially� The accumulation of exponentially
decreasing characteristics are bounded� even for an in�nite�length cascade�
For this reason� the pseudo�resonant gain involves a limited number of
low�pass �lters having decreasing cuto� frequencies� Its limit peak value
depends on the decrease rate of the cuto� frequencies� The same applies
for the accumulated thermal noise� which depends on the same decrease
rate� This implies that the input dynamic range over which the pseudo�
resonant gain is modulated by the Q�control loop cannot be increased by
introducing more �lters to span a given range of characteristic frequency�

At the other extreme� the gain of the individual �lters cannot be in�
creased using higher individual quality factor� because this would also
sharpen their frequency response� making more di�cult the setting of a
cuto� frequency decrease rate that ensures the appropriate overlapping of
individual frequency response necessary to build a regular pseudo�resonant
frequency response� Another reason for a limited quality factor is the sen�
sitivity to the mismatch of the components in a VLSI implementation� The
consequence of this relatively low individual quality factor is that despite
a theoretically large pseudo�resonant gain� the pseudo�resonant frequency
selectivity corresponds to the one of a an individual stage� which is much
smaller than the one measured in live cochleae for low sound level� Nev�
ertheless� the high frequency side of the frequency response has a much
steeper slope than the ��dB per octave of an individual second�order low�
pass �lter�

Since the cuto� frequency of the �lters decreases exponentially� their
time constant increases at the same rate� Each second�order low�pass
�lter in the cascade� loaded be the in�nite input impedance of the next
stage� adds a phase lag of ��� at its cuto� frequency� Imposing more
�lters to span a given range of cuto� frequencies would increase the delay
accumulated along the cascade� which depends therefore on its spatial
�and� thus� frequency
 resolution� In a cascade model of the cochlea�
each stage should therefore not be seen as a structural model of a the
cochlear duct section� but as an emulation of the propagation of the basilar
membrane displacement along this section "��#� Although� such description
assumes a wave propagation without re�ections� it does not model properly
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the coupling between sections�
The �lter cascade models thus sequentially the propagation of the basi�

lar membrane vibration along the cochlea� The interaction between stages
consists only of the transmission from a stage to the next of the result
of the local emulation of this propagation in a section of the cochlea� In
reality any segment of the cochlear partition is connected to any other seg�
ment through the cochlear liquid� which transmits almost instantaneously
the acoustical input signal all along the cochlea�

A parallel bank of �lters having a common input would therefore better
model the cochlea� However such purely parallel model does not take into
account the interaction between neighbouring stage through the liquid�
The propagation of pressure waves induced by the stapes� as well as by

the cochlear partition itself must be included in the model� which is the
case of the ��D model presented in the next chapter�
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��� Introduction

In the previous chapter we concluded that a �lter cascade model of the
cochlea su�ers from several drawbacks� all of them related to its purely
serial structure� In this chapter� a quantised ��D model of the cochlea
is proposed� derived from on the hydrodynamics of its continuous ��D
description� The two dimensions taken into account are the longitudinal
axis which runs along the basilar membrane from the base to the apex�
and a vertical axis perpendicular to the basilar membrane surface�

The practical advantage of the ��D model is that it may be emulated by
a dense network of linear dipoles which performs the analogue computa�
tion of the cochlear hydrodynamics in real�time� Moreover� the equivalent
cross�section of the cochlea can be mapped onto a network having the
same shape� which is hard to achieve using numerical computation�

As opposed to the cascade model� the cochlear partition is modeled by a
parallel structure since it is implemented by a bank of resonators� However�
these resonators are connected together by the network modeling the liquid
and since they are not high input impedance stages� they interact with
each other� The strength of these interactions depends on the proximity
of the interacting resonators and the ratio between their impedance and
the local impedance of the network�

Compared to ��D hydrodynamic models� which considers only the lon�
gitudinal axis� the ��D model additionally takes into account the liquid
movements perpendicular to the basilar membrane� These vertical move�
ments are necessary to describe the di�erent regimes of wave propagation
along the cochlea �long�wave far before� short�wave around and cuto� after
the best responding position "��� ��#
� and they are important to faithfully
model the sharp cuto� observed in live cochlea "�#�

In section ��� the ��D model of the cochlea is simpli�ed into a ��D con�
tinuous electrical equivalent� whose quantisation into a network of dipole
is analysed in section ���� This network is simulated in section ���� result�
ing in the determination of the relevant parameters for faithfully modeling
the ��D hydrodynamics of the cochlea� summarised and discussed in sec�
tion ����
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��� ��D model of the cochlea

����� ��D hydrodynamics of the cochlea

In a liquid of density 
 assumed to be non�viscous� neglecting gravitational
forces� the motion of each element of liquid is given by the Euler equation�

�grad p�x� y� z
 % 
a�x� y� z
 ����


where a�x� y� z
 and p�x� y� z
 are the acceleration �eld and the pressure in
the liquid� respectively� described in the rectangular coordinates x� y and
z as shown in �gure ����

Moreover� if the liquid is incompressible� time di�erentiation of the
continuity equation div 	 v�x� y� z
 ' 

�
t % � imposes

div 	 a�x� y� z
 % �� ����


Equations ����
 and ����
 mean that the acceleration potential p�x� y� z
�

in the liquid satis�es the Laplace equation

&
p�x� y� z




% div 	 gradp�x� y� z




% � ����


with the boundary conditions a�x� y� z
b or p�x� y� z
b imposed at the co�
ordinate �x� y� z
b of the surface enclosing the liquid� In the cochlea these

xy

basilar membrane

helicotremastapes

oval window

round window

base

apex

scala media +
scala vestibuli

scala tympani

(z)

Figure ���� ��D uncoiled cochlea�
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Figure ���� Acceleration vectors along a �ow line in the cochlear liquid�

boundaries consist of the bony shell� the oval and round windows and
the basilar membrane� Due to the negligible mechanical in�uence of the
Reissner�s membrane� the scala media and vestibuli are merged in this
analysis�

At each position �x� y� z
 the acceleration vector a is the sum of a
component at % 
v�
t tangential to the �ow line� where v is the local
liquid velocity vector� and a component an % kvk�r�krk� normal to the
�ow line� where r is its local curvature radius vector �which points from
the �ow line to its centre of curvature� see �gure ���
� Each frequency
component of the normal acceleration an��
 % ��kd��
k�r�krk� may be
neglected with respect to those of the tangential acceleration at��
 %
��d��
 if the local curvature radius krk is much larger than the amplitude
kd��
k of the local liquid displacement along the stream line�

Liquid displacement perpendicular to the in�exible wall of the bony
shell surface is impossible� thus the �ow lines are tangential to the bony
shell boundary� Since we can reasonably assume that the curvature radius
at any position on the bony shell boundary is much larger than any liquid
displacement along this boundary� the acceleration component normal to
the bony shell boundary can be neglected� yielding for the bony shell
boundary condition of equation ����
�

an�x� y� z
BS % �� ����


Note that this assumption may appear not to be valid at the helicotrema�
where the curvature radius of the �ow lines is shorter due to their U�
turn from the scala vestibuli into the scala tympani� Moreover� the liquid
displacements are more important there because the �ow lines compress
in crossing the opening of the helicotrema� Nevertheless� at this position
of the cochlea no �ltering is performed� the validity of this assumption is
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likely to have little e�ect on the e�ective cochlear processing�
In absence of any displacement imposed by the stapes on the oval and

round windows or by the basilar membrane reaction� the assumption ���
applies to these boundaries as well� This means that the only acceleration
component normal to the oval window is imposed by the input accelera�
tion aS of the stapes� resulting in the oval window boundary condition of
equation ����
�

an�x� y� z
OW % aSen�x� y� z
OW ����


where en�x� y� z
b is the unit vector normal to the considered boundary at
its position �x� y� z
b� de�ned positively when pointing inside the volume
enclosed by this boundary�

Similarly� the acceleration component normal to the basilar membrane
surface is due only to its reaction to the di�erence of pressure between its
two faces� Since the basilar membrane is incompressible� the acceleration
component normal to its surface on the scala media side is opposite to
the acceleration component normal to its surface on the scala tympani
side� The boundary conditions of equation ����
 at the basilar membrane
surface facing the scala media �x� y� z
SM and the scala tympani �x� y� z
ST
are thus imposed by the basilar membrane acceleration aBM �x� y� z
BM �
de�ned positively from scala media toward scala tympani�

an�x� y� z
SM % �aBM �x� y� z
BMen�x� y� z
SM
an�x� y� z
ST % aBM �x� y� z
BMen�x� y� z
ST

����


where �x� y� z
SM % �x� y� z
ST % �x� y� z
BM if the basilar membrane is
assumed to have no thickness�

Finally the acceleration component normal to the round window� which
opens to the pressure of the outside� is determined by integrating equa�
tion ����
 on the whole boundary� Since the acceleration components nor�
mal to basilar membrane boundary facing the scala media and the scala
tympani cancel and the acceleration component normal to the bony shell
boundary is negligible� the round window boundary condition of equa�
tion ����
 becomes�

an�x� y� z
RW % �SOW
SRW

aSen�x� y� z
RW ����


where SOW and SRW are the areas of the oval and round windows� re�
spectively�
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Hence� the boundary conditions are entirely determined by the stapes
acceleration aS � which is given as an input signal to the cochlea� and
the acceleration aBM �x� y� z
BM normal to the basilar membrane� which
responds to the forces applied by the liquid onto it�

The local acceleration aBM �x� y� z
BM of the basilar membrane de�
pends on the pressure di�erence between the scala media and the scala
tympani� just above and below the basilar membrane�

Z��x�y�z
BM faBM �x� y� z
BMg %
pSM �x� y� z
BM � pST �x� y� z
BM ����


where Z��x�y�z
BM f	g is the impedance function per unit area expressing the
local mechanical properties of the basilar membrane�

The pressures pSM �x� y� z
BM and pST �x� y� z
BM are determined by
solving the Laplace equation ����
 and its boundary conditions ����
� ����
�
����
 and ����
� but the boundary condition ����
 depends in turn on
the pressure through equation ����
� The problem can be solved using a
Green�s function computed from the geometry of the cochlea which links
the force at any position on the boundary with the acceleration at any
other position on the boundary "��# �see also appendix A��
� Alterna�
tively� a numerical solution of the problem can be obtained using a �nite
di�erence approximation of the Laplace equation and its boundary condi�
tions "��#�

This calculation may be emulated in real�time in an electrical equiv�
alent� as proposed in "��#� In order to calculate the acceleration �eld
e�ciently� the ��D model is reduced to a ��D model without sacri�cing
the important characteristics of the cochlear hydrodynamics�

����� ��D electrical equivalent

The ��D model shown in �gure ���a consists of a longitudinal cross�section
along the basilar membrane of the uncoiled cochlea shown in �gure ����
The x�axis runs along the basilar membrane� which is assumed to have no
thickness� whereas the y�axis is normal to the basilar membrane surface�
The width of the basilar membrane �in the dimension ignored by the ��D
model
 is given by w�x
� as shown in �gure ���b� The ��D model is reduced
to a ��D approximation by assuming that each cross�section perpendicular
to the longitudinal x�axis is a rectangle having the same width as the
basilar membrane� w�x
� and whose height is given by the longitudinal



���� ��D MODEL OF THE COCHLEA ��

OWl

����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

OW

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����
����
����

����
����
����

��
��

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

������������
������������
������������
������������
������������
������������
������������

xy

��
��
��
��

dx

BM

x

y

H

S

RW

BS

SM

ST

x

dY

��
��
��
��
��
��
��
��

BM(x)dI
ST(x)v

SM(x)v

inv

BM(x)dI

ρ

ρ

σ

σ

Si

Sa OWS

Sa OWS

BMa BM(x)dS

BMdS

ST(x)p

SM(x)p

(x)

(x)

a)

b)

c)

RWp

OWp

OWv

RWv

x w
(x

)

BMdS (x)Z’x
-1

x

������
������
������

y

x

(z)

BM

OW

RW
d)

Figure ���� a� Longitudinal cross�section of the uncoiled cochlea� b� shape of
the basilar membrane� c� equivalent electrical circuit� d� simpli�ed ��D cochlea
used for ��D reduction�
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cross�section of the cochlea ��gure ���d
� This means that only the mass
of the liquid above and below the basilar membrane is taken into account�
Moreover the pressure and the acceleration �eld in the liquid are assumed
constant along the width of the membrane� i�e�� along the z�axis dropped
in the dimension reduction� as well as the mechanical properties of the
basilar membrane�

Doing so� the liquid density 
 in the ��D model becomes a surface
density 
w�x
� which is scaled in the x�direction by the width w�x
 of
the basilar membrane� Similarly� the pressure p�x� y� z
 becomes a force
per unit length p�x� y
w�x
� According to equations ����
 and ����
� the
acceleration �ow entering the cochlea through the oval window and es�
caping the cochlea through the round window is given by aSlOW � where
lOW % SOW �wOW is the ��D equivalent of the oval window area SOW �
Similarly� the acceleration �ow of a basilar membrane segment of length
dx is given� using equation ����
 by

aBM �x
dx % Z�
��
x f"pSM �x� �
� pST �x� �
#w�x
gdx� ����


where Z�xf	g is the impedance function per unit length of the basilar
membrane at position x�

The electrical analogy shown in �gure ���c is now straightforward� The
liquid is modeled by a resistive sheet having a sheet resistivity ����x
 �in
"(# % "VA��#
 proportional to the surface density 
w�x
� The relationship
between the sheet current density J �in "Am��#
 and the electric �eld E

�in "Vm��#
 in a resistive sheet obeys the conduction equation

J�x� y
 % ��x� y
E�x� y
� �����


where the electric �eld E�x� y
 derives from the potential V �x� y
�

E�x� y
 % �grad V �x� y
� �����


The continuity equation applies also for sheet current densities�

div 	 J�x� y
 % �� �����


resulting in the Laplace equation

��x� y
&V �x� y
 % �� �����


with the boundary condition J�xb� yb
 or V �xb� yb
 imposed at the edge
�xb� yb
 of the resistive sheet�
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According to the ��D hydrodynamics described in paragraph ������ the
stapes acceleration aS imposing the oval window boundary condition ���
should be implemented by injecting a constant surface current density JS
along the edge of the resistive sheet corresponding to the oval window�
In many computer models� the stapes� acceleration aS is also given as an
input because it simpli�es the calculation of the solution� However� the
input of the auditory pathway is the acoustical pressure� The stapes� ac�
celeration is determined from this input through the equivalent impedance
of the outer and middle ear together with the impedance of the cochlea�
Assuming a constant pressure pOW at the oval window� an alternative so�
lution easier to implement in an electrical model consists of imposing an
input voltage VOW proportional to the force per unit length pOWwOW at
the oval window� This can be obtained using a metallic contact all along
the corresponding edge lOW � At the round window� which opens onto at�
mospheric pressure� a similar contact allows the circuit to be closed with
a voltage source Vin between the oval and round window contacts�

Finally the mechanics of the basilar membrane reaction is modeled by
a bank of in�nitesimal dipoles connecting the scala media and the scala
tympani� Each dipole is crossed by an in�nitesimal current dIBM �x
 %
JBM �x
dx imposed by the voltage di�erence VSM �x
 � VST �x
 between
their two poles�

dIBM �x
 % dYxfVSM �x
� VST �x
g �����


where dYxf	g is the admittance function of the in�nitesimal dipoles at
position x�

Comparing equations ����
 and its boundary conditions� ����
 and ����

with equations �����
 and its boundary conditions� �����
 and �����
� re�
spectively leads to the correspondences listed in table ����

The hydrodynamic quantities and the electrical quantities are related
to each other by scaling factors� The force per unit length pw is related to
the voltage V by the voltage scaling factor Fv % V�pw �in "Vs�kg��#
 and
the acceleration a is related to the sheet current density J by the current
scaling factor Fj % J�a �in "As�m��#
� As a result� the sheet conductivity
above and below the basilar membrane is given by

��x
 %
Fj
Fv

�


w�x

� �����
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Hydrodynamics quantities Electrical quantities

pw "kgm��s��#"m# V "V#
a "ms��# J "Am��#


w "kgm�
#"m# ��� "VA��#
aBM �x
dx "ms��#"m# dIBM �x
 "A#

Z�
��
x f	gdx dYxf	g % Y �xf	gdx

Table ���� Analogy between the hydrodynamic equations of the cochlea and its
��D electrical equivalent�

and the basilar membrane admittance function per unit length becomes

Y �xfV g % FjZ
���
x

�
V w�x


Fv

�
� �����


����� Micro�mechanics in the organ of Corti

Neglecting any interactions between them �such as shearing resistance and
longitudinal sti�ness
� each section of the cochlear partition �basilar mem�
brane and organ of Corti
 reacts to the force dF �x
 applied onto it with a
displacement y�x
 in the direction of the force according to

dF �x
 %

�y�x



t�
m��x
dx'


y�x



t
h��x
dx' y�x
k��x
dx �����


where m��x
� h��x
 and k��x
 are the mass� viscosity� and sti�ness by unit
length of the basilar membrane and its overlying organ of Corti� The
viscosity term may appear to be in contradiction with the assumption of
negligible viscosity stated in writing equation ����
� It turns out that� the
viscosity cannot be neglected in the complicated micro�structure of the
organ of Corti� where the up�down displacement of the basilar membrane
is transformed into a lateral displacement of the reticular lamina relative
the tectorial membrane ��gure ���
� The viscosity of the endolymph in
the narrow space between these two surfaces causes energy losses which
damp the basilar membrane movement� The force term dF �x
 �de�ned as
positive in the direction of positive y
 is the sum of the forces dFBM �x
 %
�"pSM �x� �
 � pST �x� �
#w�x
dx due to the pressure di�erence between
the scala media and tympani� and a force dFOHC�x
 caused by the active
reaction of the outer hair cells�
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a) b)
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Figure ���� Cross�section of the cochlear partition showing the conversion of the
vertical basilar membrane movement into a shearing movement between tectorial
membrane �TM� and reticular lamina �RL��

The outer hair cells have motile properties which are believed to be
responsible for a positive feedback of the force applied on the basilar mem�
brane through the following mechanism� depicted in �gure ����

�� The basilar membrane is pushed �pulled
 toward the scala media
�tympani
 by the force ��
dFBM �

�� The organ of Corti follows the vertical displacement y of the basilar
membrane� Due to the rigid framework of the pillar cells and the
reticular lamina and since the ends of the tallest stereocilia of the
outer hair cells are �rmly anchored in the tectorial membrane� this
vertical movement would be transformed into a lateral movement d
of the attachment point of the stereocilia on the tectorial membrane�
if the stereocilia were in�nitely sti��

�� Due to the �exion sti�ness of the stereocilia� the radial compression
sti�ness and the mass of the tectorial membrane� as well as the resis�
tances of the stereocilia in the endolymph� the movement d induces
a �exion of the stereocilia characterised by the displacement � of its
attachment point on the tectorial membrane�

�� The �exion of the outer hair cells� stereocilia opens �closes
 trans�
ducer channels allowing a potassium current to depolarise �hyperpo�
larise
 the cell by increasing �decreasing
 its intracellular potential
v�
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Figure ���� Outer hair cell feedback mechanism�

�� The body of the outer hair cell shortens �elongates
 as the intra�
cellular potential increases �decreases
� resulting in the force FOHC
pulling �pushing
 the basilar membrane further up �down
� The
length variation &l has been shown to be a saturating function of
the intracellular potential v "��#�

The detailed mechanisms of this feedback loop have been investigated
�"��#� "��#� "��#� "��#� "��#� "��#� "��#� "��#
 but too many unknowns remain
in these mechanisms and in the order of magnitude of their parameters
�often measured on animals of di�erent species
� Although these analyses
are sometimes based on quite di�erent assumptions� they all conclude that
this feedback would result in an undamping term h�u imposing�

dFOHC�x
 %

y�x



t
h�u�x
dx� �����


This term permits to reproduce closely the frequency characteristics mea�
sured on live cochleae� It is beyond the scope of this work to investigate
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further the mechanisms of the outer hair cell�s feedback loop� and this
model is based on the commonly accepted undamping paradigm �����
�

Equation �����
 thus yields in the Laplace domain�

�

y�x


dFBM �x


dx
% s�m��x
 ' sh��x
��� u
 ' k��x
 �����


where the undamping ratio u % h�u�x
�h
��x
 is hypothesised to be slowly

controlled by the e�erent innervation of the outer hair cells which would
bias the operating point of the saturating transfer function &l�v
 of the
feedback stage � "��#� This bias would modify the motility gain d&l�dv
with which the cell length changes in response to small intracellular po�
tential variations� controlling in this way the undamping factor h�u�x
 �

Since the acceleration aBM �x
 of the basilar membrane �de�ned pos�
itively from scala media toward scala tympani in section �����
 is ex�
pressed by �s�y�x
 in the Laplace domain� and recalling that dFBM �x
 %
�"pSM �x
� pST �x
#w�x
dx� equation �����
 can be rewritten

"pSM �x
� pST �x
#w�x
 %

s�m��x
 ' sh��x
��� u
 ' k��x


s�
aBM �x
 �����


Comparing equation �����
 and ����
� the impedance function per unit
length Z�xf	g becomes a linear impedance per unit length

Z��x
 % m��x
 '
h��x
��� u


s
'
k��x


s�
� �����


which imposes

"pSM �x
� pST �x
#w�x
 % Z�xfaBM �x
g % Z��x
aBM �x
� �����


Its electrical equivalent thus becomes� using equation �����
� a linear ad�
mittance per unit length

Y ��x
 %
Fj
Fv

�

Z��x

� �����


��� Electrical model

����� Longitudinal symmetry

Figure ��� shows that the ��D equivalent of the cochlea is almost sym�
metric about the x�axis� Imposing a perfect symmetry of both scalae
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and splitting the basilar membrane admittances dY �x
 into two identi�
cal serial admittances �dY �x
� the equivalent admittance between any
point �x� y
 in the scala vestibuli and any resulting splitting node �x�� �

is the same as the admittance between a symmetrical point �x��y
 in the
scala tympani and the same splitting node� With a current �owing from
one scala to the other through the basilar membrane admittances �and
the helicotrema� which can be considered as a degenerate basilar mem�
brane admittance
� the voltage drop between any points �x� y
 and any
splitting nodes �x�� �
 is equal with opposite sign to the voltage drop be�
tween any symmetrical point �x��y
 and the same splitting node �x�� �

�both voltage being de�ned positive from scalae to basilar membrane
�
This applies for the input voltage at the oval and round windows� thus
vOW � v�x�� �
 % �vRW ' v�x�� �
� where v�x�� �
 is the voltage on any
splitting node �x�� �
� which equals thus �vOW ' vRW 
�� for all x�� Split�
ting the input voltage vin % vOW � vRW into two identical sources vin���
one between vOW and a reference V� and the other between vRW and V��
imposes thus v�x�� �
 % V� on all the splitting nodes �x�� �
� The entire
cochlea can therefore be modeled using the scala vestibuli alone with the
admittances dY �x
 doubled and the input voltage divided by two� all of
them �including the helicotrema
 being grounded at a the reference voltage
V�� Note that equivalently� the input voltage and the basilar membrane
admittances can be kept at their original value� but in this case the sheet
conductivity must be halved� in which case equation �����
 is rewritten�

��x
 %
Fj
Fv

�

�
w�x

� �����


Such a perfect symmetry is of course not achieved in the real cochlea�
and this assumption will a�ect the tonotopical mapping of the cochlea�
Nevertheless� since the tonotopy is mainly determined by the basilar mem�
brane sti�ness which is not a�ected by the symmetry assumption� this is
an acceptable price to pay for decreasing by a factor two the large number
of resistors required to model the liquid�

����� Spatial quantisation

The resistive sheet could be implemented directly as a resistive layer avail�
able in some VLSI analogue processes� However such layers are not avail�
able in all processes and their sheet conductivity� imposed by the technol�
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ogy� cannot be adjusted� Moreover a continuous model of the basilar mem�
brane admittance per unit length would require a continuous medium to
implement the continuous admittance per unit length modeling the graded
mass� viscosity and sti�ness per unit length� which is unfeasible using the
available VLSI processes�

Therefore� a solution consists of spatially quantising the continuous
electrical model using a network of dipoles� This network is designed such
that it implements exactly the �nite di�erence approximation of the di�er�
ential equations governing the continuous electrical model� i�e� the Laplace
equation �����
 and its boundary conditions� in particular the basilar mem�
brane�s admittance per unit length� described by equation �����
�

Appendix A�� shows how the �nite di�erence approximation of the
Laplace equation performed on a rectangular grid�

&V �i&x� j&y
 �����


� Vi���j ' Vi���j � �Vi�j
&�
x

'
Vi�j�� ' Vi�j�� � �Vi�j

&�
y

% �

where &x and &y are the grid spacing in the x� and y�direction� respec�
tively� can be modeled by a rectangular network of resistors� Each node
�i� j
 of the network is mapped onto the coordinates �x % i&x� y % j&y
 of
the resistive sheet� Each node pair �i� j
� �i� �� j
 is connected together
by an horizontal resistor Rx�i� j
 and each node pair �i� j
 � �i� j � �
 by
a vertical resistor Ry�i� j
� The current �owing in these resistors corre�
sponds to the current density in the resistive sheet� This current density
being a vector �eld� its components in the x� and y�directions at coordinate
�i&x� j&y
 are given by the average current �owing in the resistors Rx�i� j

and Rx�i ' �� j
� and the average current in Ry�i� j
 and Ry�i� j ' �
� re�
spectively� Since the conduction equation derived from equations �����

and �����
 imposes

���x� y
grad V �x� y
 % J�x� y
 �����


the value of the resistors Rx�i� j
 and Ry�i� j
 is mapped onto the local
conductivity ��x % "i � �

� #&x� y % j&y
 and ��x % i&x� y % "j � �
� #&y


midway between the coordinates corresponding to the nodes connected by
the resistors� In addition� the resistance Rx and Ry must be scaled by the
aspect ratio of the grid &x�&y and &y�&x� respectively� thus�

Rx�i� j
 %
�

��"i� �
�
#&x� j&y


&x

&y
�����
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Ry�i� j
 %
�

��i&x� "j � �
� #&y


&y

&x
�����


The boundary conditions imposed as a voltage are simply implemented
by applying the required voltage at the nodes sampled on the correspond�
ing boundary� The value of the resistors connecting two successive nodes
on such boundary is irrelevant� In the particular case of constant voltage
applied on the boundary these resistors are shorted by the voltage source�

Alternatively� the boundary conditions which consist of a current den�
sity Jn�xb� yb
 normal to the boundary are imposed by injecting currents
into the network� The currents I�ibx� jbx
 and I�iby� jby
 at network bound�
aries following the x�axis and y�axis� respectively� are related to the cor�
responding current densities Jy�xbx� ybx
 and Jx�xby� yby
 by

I�ibx� jbx
 % Jy�ibx&x� jbx&y
&x �����


I�iby� jby
 % Jx�iby&x� jby&y
&y� �����


The resistors connecting nodes on such a boundary are twice as large as if
these resistors were inside the network� This is because the resistive path
which spread symmetrically around the line joining two nodes within the
network cannot spread outside the boundary when the two nodes lie on it
�see in �gure ���a
�

Finally the basilar membrane boundary is similar to a current density
boundary� since the current density is imposed by the grounded admittance
per unit length Y ��x
 which constitutes the boundary �x� �
� as shown in
paragraph ������ This admittance per unit length Y ��i&x
 is quantised by
an bank of admittances Y �i
 which connect the boundary nodes �i� �
 to
ground� The value of the admittances Y �i
 is given by

Y �i
 % Y ��x&x
&x �����


The resistances Rx�i� �
 following this boundary are also doubled� since in
the admittance per unit length Y ��x
 no current density can �ow in the
x�direction�

The spatial quantisation of a rectangular resistive sheet into a network
of dipoles is illustrated in �gure ���� In this example� the resistive sheet
has a constant voltage imposed by a metallic contact at its left boundary�
current densities imposed at its top and right boundaries and a grounded
admittance per unit length at its bottom boundary� The value of the
dipoles are summarised in table ����
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Figure ���� Quantisation of a resistive sheet �a� into a resistive network �b��

The error caused by this spatial quantisation of the resistive sheet must
be evaluated in order to limit the amount of resistors� which will approxi�
mate the resistive sheet with the loosest acceptable grid� The quantisation
of the resistive sheet into a network of resistors corresponds to a spatial
sampling of the potential V �x� y
 at the positions corresponding to the
nodes �i� j
 of the network� with a linear interpolation in the resistors be�
tween these nodes� The sampled potential V �i� j
 % V �x % i&x� y % j&y

thus depends on the grid spacing &x and &y of the network� The two�
dimensional spatial Fourier transform of V �i� j
 results in the repetition
of the two�dimensional spatial Fourier transform of V �x� y
 with a spacing
��&x and ��&y in the x� and y�directions of the spatial frequency plane
�fx� fy
� These repeated spatial spectra are �ltered out by the spatial
Fourier transform of the linear interpolation� which has a spectrum of the
form sin��fx&x
 sin

��fy&y
��f
�
xf

�
y 
� If the grid spacing &x or &y is too

large� aliasing can result from the overlapping of the original spatial spec�
trum with its frequency�shifted copies� In order to prevent such aliasing�
the frequency spacing ��&x and ��&y must be at least twice as large as the
highest spatial frequency fx and fy� respectively� of the voltage V �x� y
�
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Rx�i� j
 %
�

��"i� �
� #&x� j&y


&x

&y

Ry�i� j
 %
�

��i&x� "j � �
� #&y


&y

&x

Rx�M� j
 %
�

��"M � �
� #&x� j&y


&x

&y

Ry�M� j
 %
�

��M&x� "j � �
� #&y


&y

&x

Rx�i� N
 %
�

��"i� �
� #&x� N&y


&x

&y

Ry�i� N
 %
�

��i&x� "N � �
� #&y


&y

&x

Rx�i� �
 %
�

��"i� �
� #&x� �


&x

&y

Ry�i� �
 %
�

��i&x�
�
�&y


&y

&x

Y �i� �
 % &xY
��i&x� �


Table ���� Correspondences between resistive sheet parameters and resistive
network parameters�

The spatial Fourier transform of the potential V �x� y
 should thus be
estimated to determine the grid spacing &x�y� which would require know�
ing V �x� y
� But since no analytical expression of V �x� y
 accurate enough
to take into account all the peculiarities of the cochlear hydrodynamics is
available� we must rely on numerical computations� themselves based on a
spatial quantisation of the variable onto a grid� This point will be further
discussed when analysing the simulation results in paragraph ������

����� Basilar membrane resonator

The basilar membrane is quantised by a bank of resonators� Using equa�
tions �����
� �����
 and �����
� each basilar membrane resonator has an
impedance

Z�i
 %
�

Y �i

%

�

GBM �i

'

�

sCBM �i

'

�

s�SBM �i

�����
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whose equivalent electrical circuit consists of a branch formed by three
serial dipoles� namely a resistor

GBM �i
 %
Fj
Fv

&x

m��i&x

� �����


a capacitor

CBM �i
 %
Fj
Fv

&x

h��i&x


�

�� u
� �����


and a super�capacitor

SBM �i
 %
Fj
Fv

&x

k��i&x

�����


which is de�ned as a dipole whose voltage is proportional to the double
temporal integration of its current �see inset of �gure ���
�

The resonator has thus a second�order high�pass admittance

Y �i
 % GBM �i

s����i


s����i
 ' s��i
�Q�i
 ' �
�����


having a cuto� frequency ������i
 de�ned by the time constant

��i
 %

s
SBM �i


GBM �i

%

s
m��i&


k��i&

�����


and a quality factor

Q�i
 %
CBM �i
p

GBM �i
SBM �i

%

p
k��i&
m��i&


h��i&
��� u

�����


����� Mechanical to electrical mapping

The schematic of the ��D electrical model is now determined� as shown in
�gure ���� The remaining task is to map the mechanical quantities of the
biological cochlea onto the electrical quantities of its analogue model�

According to the physiological data used in "��#� the mechanical pa�
rameters having important variation along the longitudinal axis are the
sti�ness of the basilar membrane and the cross�section area of the cochlea�
The basilar membrane sti�ness decreases exponentially from the base to
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Figure ���� Schematic of the ��D electrical model of the cochlea�

the apex� The exponential decrease of the characteristic frequencies along
the cochlea is thus mostly due to this parameter� The cross�section of
the cochlea decreases quite abruptly shortly after the base� such that half
of the volume of the cochlea �and thus the mass of liquid it contains
 is
located in the basal quarter of its length�

The basilar membrane width increases by a factor � from the base to
the apex� but it varies by a factor less than � from ��$ to ��$ of its
length� The mass of the basilar membrane together with that of the organ
of Corti vary to a lesser extent� since the width of the organ of Corti�
which is the major mass contribution� is only slightly scaled on the width
of the organ of Corti� The viscosity term was shown to decrease almost
linearly by a factor � from the base to the apex "��#�

Using equations �����
� �����
 and �����
� the electrical quantitiesGBM �
CBM and SBM could be mapped exactly to their mechanical and geomet�
rical equivalents� provided these biological data are known exactly� How�
ever� in order to simplify the design of the electronic circuit by using similar
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mechanical quantity electrical element

liquid density Gx�i
 %
Fj
Fv

�

�
w

&y

&x

Gy�i
 %
Fj
Fv

�

�
w

&x

&y

BM mass GBM �i
 %
Fj
Fv

&x

m�

BM e�� viscosity CBM �i
 %
Fj
Fv

&x

h�
�

�� u

BM sti�ness SBM �i
 %
Fj
Fv

&x

k���

�i�b

Table ���� Position dependence of the elements of the basilar membrane res�
onator�

cells for each section of the cochlea� a constant basilar membrane width
w�x
 % w� mass per unit length m��x
 % m� and viscosity h��x
 % h� are
assumed� The variation of the basilar membrane sti�ness per unit length
is set to be purely exponential by imposing k��x
 % k���
��x�b�x � As a re�
sult� the cuto� frequency of the basilar membrane resonators will decrease
exponentially at a rate of one octave every �b stages�

fc�i
 %
�

����i

%

�

��

r
k���


m�
��i��b� �����


The quality factor of the resonators

Q�i
 %

p
k���
m�

h���� u

��i��b �����


also decreases exponentially along the cascade� The resulting decreasing
relative frequency selectivity towards low characteristic frequencies has
been observed on the tuning curves measured on the auditory nerve "��#�
The equivalence between the mechanical quantities and their electrical
model is summarised in table ����

The values of GBM � CBM and SBM � as well as the values of the conduc�
tances Gx�y % ��Rx�y modeling the liquid are estimated either by match�
ing the behaviour of the resulting model with the observed biological be�
haviour or by matching them directly with the corresponding quantities
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measured in the cochlea� However� this cannot be done simply by match�
ing the characteristic frequencies and �lter shapes of the biological cochlea
with the cuto� frequencies and quality factor of the basilar membrane res�
onator� because the processing performed by the cochlea depends largely
on the hydrodynamics of the liquid�

��� Electrical simulations

����� Simulated network

In order to estimate the values of the model�s parameters yielding transfer
functions that correspond to those measured in live cochleae� the ��D elec�
trical model is simulated using an electrical simulator �Anacad ELDO
� Be�
cause the electrical model implements the �nite di�erence approximation
"��# exactly� the same parameter values are used as reference� These refer�
ence values are a constant basilar membrane massm��� viscosity h�� per unit
area and an exponentially decreasing sti�ness k���x
 % k����
 exp�x�dk
 per
unit area� The mass m�� viscosity h� and sti�ness k� per unit length used
in table ��� are obtained by multiplying m��� h�� and k�� by the basilar
membrane width w� which can be lumped into the scaling factor Fj�Fv
since it scales similarly the liquid density 
� The reference values for the
simulation are summarised in table ���� Introducing these reference values
in equations �����
 and �����
 results in a cuto� frequency of ��kHz and
a quality factor without undamping �u % �
 of �� in the basal�most basi�
lar membrane resonator� Implementing such quality factor on the VLSI
circuit appears to be somewhat challenging�

In "��#� the shape of the cochlear duct is approximated by a rectangle
for computational reasons� In order to investigate the e�ect of the real duct
shape� the radius of the cochlear duct given in "��# and "��# ��gure ���a

is used as the height H�x
 of the the scalae media and vestibuli merged
together� The resulting surface delimited by y % � and y % H�x
 along
the y�axis and between x % � �base
 and x % L �apex
 along the x�axis
is then quantised to a grid imposing M points on the length L of the
cochlea and Nmin points on the smallest height Hmin % H�L
� at the
apex ��gure ���b
� de�ning so the grid size &x�y as given in table ����
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Figure ���� a� Continuous shape of the cochlea� b� quantised shape to M � ���
points in length and Nmin � � points in minimal height�

parameter reference value

�
w w"m# 	 � 	 ��
 kg m�


m� w"m# 	 ��� kg m��

h� w"m# 	 � 	 ��
 kg m�� s��

k���
 w"m# 	 �� 	 ��� kg m�� s��

b
dk
&x

ln � %
����� m

&x"m#
ln �

&x L�M
&y Hmin�Nmin

Table ���� Reference parameter values for simulation�

����� Simulation results

An AC simulation of a �� mm long cochlea quantised toM % ��� points in
length andNmin % � points in a minimal height of ���� mmwas performed�
Figure ��� shows the frequency response of the voltage Vc�i
 measured
on the capacitors CBM �i
 at di�erent positions along the cochlea� This
voltage is proportional to the basilar membrane velocity vBM �i
� since the
capacitor performs the temporal integration of the resonator current I�i
 %
J�i� �
&x which represents the basilar membrane acceleration aBM �i
 %
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Vin at the stapes and the voltage Vc�i� on the capacitor Cbm�i� as function of
frequency� at di
erent positions i�x along the cochlea �indicated in � of cochlea
length��
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J�i� �
�Fj �

Vc�i
 %
Fj&x

CBM �i


tZ
��

aBM �i� t�
dt� %
Fj&y

CBM �i

vBM �i� t
 �����


Using equation �����
 with the undamping control term u set to zero� the
local basilar membrane velocity is thus given by�

vBM �i
 %
�

Fvh�
Vc�i
 %

�

Fvh��w
Vc�i
 �����


Expressing the input voltage Vin by the pressure pin % Vin��wFv
 it mod�
els� the curve ���a shifted by ��� log�h��
 % ���dB represents the acous�
tical transadmittance �in dB relative to � ms���Pa
 between the input
pressure and the local basilar membrane velocity� In other words� with a
stapes pressure pin % � 	 ����Pa used as reference to express pressure in
 dB SPL! �Sound Pressure Level
� the vertical axis represents the local
basilar membrane velocity in dB referred to �� nm�s at �dB SPL on the
stapes �about �� dB SPL on the eardrum for frequencies around � kHz�
see paragraph ������ p� ��
�

The sharp cuto� of about ���dB�octave measured in live cochleae as
well as the corresponding fast phase shift is obtained at high characteristic
frequencies� At lower characteristic frequencies the cuto� becomes less
sharp as the quality factor of the basilar membrane resonators decreases
due to the constant mass and viscosity scaling� On the phase curve� the
apparent additional phase shift of �� after the cuto� measured at ��$
of cochlear length seems to be an artifact due to the extension of the
phase scale given between �� and '� by the electrical simulator� The
oscillations visible on the transfer function at low frequencies are due to
re�ections at the helicotrema� whose impedance is not adapted to the
local impedance of the cochlea� In the simulation presented here� the
amplitude of these oscillations was minimised by replacing the short of the
helicotrema to ground by a capacitance equal to the viscous parameter
CBM of the resonators� which emulated so the resistance to liquid �ow
when crossing the small hole of the helicotrema�

����� Spatial resolution

The e�ect of the quantisation is shown in �gure ����� Quantising the x�
axis too loosely with respect to the decrease of the resonator characteristic



�� CHAPTER �� ELECTRICAL ��D COCHLEAR MODEL

a

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0
m
a
g
n
i
t
u
d
e

@
d
B

D

M=50, Nmin=5

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

m
a
g
n
i
t
u
d
e

@
d
B

D

M=100, Nmin=5

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

m
a
g
n
i
t
u
d
e

@
d
B

D

M=200, Nmin=5

b

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

m
a
g
n
i
t
u
d
e

@
d
B

D

M=100, Nmin=1

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

m
a
g
n
i
t
u
d
e

@
d
B

D

M=200, Nmin=1

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

m
a
g
n
i
t
u
d
e

@
d
B

D

M=100, Nmin=10

Figure ����� a� Quantisation of the x axis with M � ��� ���� and ��� points�
keeping Nmin � � points at the smallest height of the cochlear duct� b� quan�
tisation of the y axis with Nmin � � and �� points� keeping M ���� �����
points�

frequencies causes oscillations in the frequency response� These appear at
higher frequencies� for which the characteristic frequencies of two neigh�
bouring best�responding resonators are too far away from each other� This
e�ect is analysed more thoroughly in paragraph ������

The longitudinal quantisation also has an e�ect on the low�frequency
re�ection at the apex of the cochlea� the amplitude of the oscillations in
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the frequency response at low frequencies increases with the resolution�
Since the helicotrema is quantised to a single dipole� the e�ect of the
impedance adaptation it performs becomes negligible when the resolution
increases� The helicotrema should therefore be modeled on a �xed length
of the cochlea apex rather than by the last resonator of the bank only�

As for the quantisation of the y�axis� �gure ���b shows that it al�
most does not a�ect the magnitude of the frequency response� even with
Nmin % � which corresponds to only two rows of resistors at the small�
est height of the cochlear duct� The most noticeable e�ect is that the
curves corresponding to high characteristic frequencies feature a slight
notch before the low�frequency side steepens toward the peak frequency�
Surprisingly� this e�ect occurs only at higher characteristic frequencies�
where the cochlear duct is higher and thus quantised with more points�
No explanation could be found for this marginal e�ect�

While keeping the cochlear duct quantised to Nmin % � points� the
longitudinal quantisation was increased to M % ��� points in order to
check whether the e�ect of the minimal y�resolution had an in�uence on
the x�resolution� which would be the case if the cochlear duct were modeled
by a single row of resistors� The middle plot of �gure ���b con�rms the
independence of the x� and y�resolutions� even when the latter is minimal�

����� Spatial resolution vs� frequency selectivity

A sharp frequency cuto� at a given stage corresponds to a sharp spatial
edge in the responses of the resonators at a given frequency� If these
spatial edges are sampled too loosely by a reduced number of resonators�
spatial aliasing will cause oscillations in the spatial response and thus in the
frequency response �see paragraph �����
� With M % ��� these oscillations
appear at � kHz� which corresponds to the best frequency of the resonator
located at ��$ of the cochlea length� At this position the di�erence of
the characteristic frequency of two neighbouring resonators is estimated
to about ��� Hz� which corresponds to the frequency di�erence between
two peaks of these oscillations around � kHz� The grid spacing &x % L�M
must therefore be chosen such that the most selective frequency peaks of
two neighbouring resonators su�ciently overlap to yield a single peak� The
bandwidth B�i
 of the most frequency�selective output i must be larger
than the di�erence &f�i
 % fp�i
 � fp�i ' �
 of the peak frequencies fp
of two neighbouring outputs at position i� With the peak frequencies
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decreasing at a local rate of � octave over a distance xb�i
 % b�i
&x along
the cochlea� the following condition can be stated to ensure B�i
 	 &f�i
�

M 	 Mmin %
L

xb�i


��
log� ��� ��Q�i



�����


where the inverse of the local quality factor ��Q�i
 % B�i
�fp�i
 expresses
the relative bandwidth and L is the length of the cochlea� It is impor�
tant to note that the terms b�i
 % xb�i
�&x and Q�i
 are not the cuto�
frequency rate of decrease and the resonator quality factor as given by
equations �����
 and �����
� respectively� but those taking into account
the e�ect of the resistive network modeling the liquid� As an example� the
curves in �gure ���a shows that over ��$ of the cochlea length the peak
frequencies span from ��� Hz to � kHz� yielding an average L�)xb % ����
The relative bandwidth for � dB attenuation estimated at the output lo�
cated at ��$ of the cochlea length is about ��Q % ����� resulting in
Mmin % ��� which seems underestimated�

This particular case shows that equation �����
 should be used care�
fully� because the minimal value of M is very sensitive to the de�nition of
the relative bandwidth ��Q� Actually� the interaction between two neigh�
bouring resonators is not simply multiplicative as in the cascade of �lter
described in chapter �� On the contrary� it is governed by the compli�
cated interaction of oscillators coupled by a liquid� Equation �����
 there�
fore simply illustrates the qualitative relationship between the frequency�
selectivity of the basilar membrane resonators and the longitudinal reso�
lution required to avoid local re�ections in the model�

����� E�ect of the shape of the cochlear duct

In order to estimate the e�ect of the shape of the cochlear duct� the fre�
quency responses resulting from the trumpet�like shape of �gure ��� are
compared in �gure ���� to the frequency responses obtained with two
rectangular shapes� one wide and one narrow� having a constant height
H corresponding to the height at the base �H % H��

 and at the apex
�H % H�L

 of the trumpet�like cochlea� respectively� Each of these shapes
are quantised with M % ��� point and Nmin % � points�

The e�ect of the shape on the magnitude of the transfer function is
visible in the cuto� region� as shown in �gure ����a� the sharp cuto� of the
wide cochlea is followed by a notch� which increases the cuto� slope over



���� ELECTRICAL SIMULATIONS ��

a

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0
a
m
p
l
i
t
u
d
e

@
d
B

D

H=1.3mm

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

a
m
p
l
i
t
u
d
e

@
d
B

D

H=0.37mm

100 1k 10k

frequency@HzD

-80

-60

-40

-20

0

a
m
p
l
i
t
u
d
e

@
d
B

D

H=1.3-0.37mm

b

100 1k 10k

frequency@HzD

-4

-3

-2

-1

0

1

p
h
a
s
e

@
p
i

D

H=1.3mm

100 1k 10k

frequency@HzD

-4

-3

-2

-1

0

1

p
h
a
s
e

@
p
i

D

H=0.37mm

100 1k 10k

frequency@HzD

-4

-3

-2

-1

0

1

p
h
a
s
e

@
p
i

D

H=1.3-0.37mm

Figure ����� a� Magnitude and b� phase of the transfer function at di
erent
output of the cochlea for three di
erent shapes of cochlear duct� a wide rectan�
gular duct �left�� a narrow rectangular duct �centre� and the trumpet�like duct
�right��

about ��dB� Right after this notch� however� the transfer function exhibits
a much gentler slope� This notch is also present at the high characteristic
frequency outputs of the trumpet�like cochlea� whose cochlear duct has
the same height than the wide cochlea� In contrast� in the narrow cochlea
the cuto� slope is almost regular over ��dB�

This e�ect is more visible in the corresponding phase curves ��gure



�� CHAPTER �� ELECTRICAL ��D COCHLEAR MODEL

����b
� The phase of the wide cochlea and at the basal outputs of the
trumpet�like cochlea hardly turns more than ��� whereas the one of the
narrow cochlea turns up to �� at the cuto�� The additional phase shift of
�� in the high characteristic frequency output of the wide and trumpet�
like cochleae is an artifact due to the abrupt phase lead after the notch
and should be disregarded�

Another e�ect of the wide cochlea is to reduce the low�frequency re�
�ections due to the poor impedance adaptation of the helicotrema� This
e�ect is not present in the trumpet�like cochlea because at the apex� where
these re�ections occur� the cochlear duct is narrow�

����� Basilar membrane � liquid mass ratio

Given the geometry of the cochlear duct and independently from the res�
olution of its spatial quantisation� the shape of the frequency response of
the cochlea depends on four parameters� the liquid density� and the basilar
membrane mass� viscosity and sti�ness per unit length�

Keeping the three other parameters constant� sti�ness variations result
in shifts in the peak frequencies and modulation of the sharpness of these
peaks� but have no noticeable e�ect on the cuto� slopes� Similarly varying
the viscosity alone will a�ect only the sharpness of the peaks�

As shown in �gure ����� the general aspect of the transfer function is
controlled by the ratio between the mass of the basilar membrane �modeled
by GBM 
� and the mass of the liquid in movement �modeled by Gx�y
� In
this simulation� the reference value ��GBM was modulated by a factor r
varying from ���� to ���� The shape resulting from the parameter used in
"��# is an optimum between the following two extreme cases�

� The basilar membrane mass is negligible compared to the liquid
mass� in this case the peak frequency is given by the ratio of the basi�
lar membrane sti�ness and the liquid mass in movement at a given
position along the cochlea� Similarly the quality factor is given by
the product of these parameter values divided by the basilar mem�
brane viscosity� Since these three parameters are kept constant� the
shape of the transfer function tends to be independent from the basi�
lar membrane mass� as shown in �gure ���� for r � ����

� The basilar membrane mass increases such that the liquid mass be�
comes comparatively negligible� in this case the basilar membrane
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Figure ����� Magnitude of the transfer function at 
�� of cochlea length with
the resistance modeling the basilar membrane mass varying from r � ���� to
��� times its reference value ��GBM �

resonators are no longer coupled together by the liquid� The trans�
fer function at a given position along the cochlea corresponds to the
transfer function of the resonator alone� Since the resonator�s mass
increases� its peak frequency and quality factors tend to vary ac�
cording to equations �����
 and �����
� as shown in �gure ���� for
r � ���

The optimal transfer functions at r % � are obtained using the pa�
rameters given in "��#� i�e� a basilar membrane mass per unit area m�� %
���kg�m� and a liquid density 
 % ��
kg�m
� independently from vertical
and horizontal resolutions� This means that the hydrodynamics of the
basilar membrane � liquid system depends on the ratio

Hc�i
 %
m���i


�

%

m��i
&x

�
w�i
&x
�����


which is the ratio of the mass of a basilar membrane segment to the mass

per unit cochlear duct height of the liquid over this basilar membrane seg�
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ment� This ratio has thus the dimension of a distance� the characteristic
height which expresses the height the cochlear duct should have at posi�
tion i&x such that the local mass of the basilar membrane equals the local
mass of the liquid above and below it in the duct� With the parameters
"��# the characteristic height is ���� mm all along the cochlea�

Using the correspondences listed in table ���� the characteristic height
can be expressed as a function of the resistances RBM �i
 % ��GBM �i

and Ry�i
 % ��Gy�i
 modeling the basilar membrane mass and the liquid
moving in the y�direction� respectively�

Hc�i
 %
RBM �i


Ry�i
�&y
�����


Expressing the vertical grid spacing &y by the ratio H�i
�N�i
 of the
height of the cochlear duct to the number of vertical resistors modeling
the liquid at position x % i&x gives thus

RBM �i


N�i
Ry�i

%

m��i
&x

�
w�i
&xH�i

�����


which means� as expected� that at any position i� the sum of the vertical
resistances N�i
Ry�i
 models the liquid mass over a basilar membrane
segment of length &x while the resistance RBM �i
 models the mass of this
basilar membrane segment�

����� Parameter values

As mentioned in paragraph ������ the values of the parameters can be
adjusted so that the model exhibits the required behaviour� If the model
faithfully represents the biological original� the values of the parameters
�provided they have a physical meaning
 should correspond to the one
measured on its biological counterpart� In a less restrictive way� if two
di�erent models represent the same reality� their corresponding parameters
should be in accordance�

In "��#� the parameters used �and that are used also in the model
described here
 are shown to be approximatively in accordance with a
collection of other models� However the corresponding parameters used in
the model "��# and "��# are di�erent by several orders of magnitude� More
speci�cally� the basilar membrane mass per unit area of ���� 	 ����kg�m�

�"��#� p� ����
 is �� times lower than that used in "��#� With the same
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liquid density� the transfer function using this basilar membrane mass per
unit area would have the shape of the curves for r % ����
��� in �gure ����
which is not in accordance with the biological measurements� However�
the resulting transfer functions shown in "��# are very similar to the one
presented here� obtained with the parameters "��#�

The di�erence between the model presented here and the model "��� ��#
lies in the computation of the hydrodynamics in the liquid� Instead of ap�
proximating the Laplace equation by �nite di�erence equations� the e�ect
of the liquid is computed using a Green�s function G�x��� x

�
�
 which gives

the force per unit length at a relative position x�� % x��L on the basilar
membrane caused by the acceleration of a basilar membrane segment at a
relative position x�� % x��L� provided that all the other segments are im�
mobile� This function� derived from the ��D geometry of the cochlear duct�
can be related to the equivalent resistance RG�i�� i�
 given by the ratio of
the voltage Vi� at the node �i�� �
 of the resistive network corresponding
to the relative position x�� % i��M and the current I�i�
 yielding Vi� when
injected at the node corresponding to the relative position x�� % i��M � As
detailed in appendix A��� the correspondence is given by�

RG�i�� i�
 %
Fv
Fj

G�i��M� i��M


%
Fv
Fj

w�i�&x

�

�

g�i��M� i��M
 �����


where g�x��� x
�
�
� which depends only on the geometry of the cochlear duct�

is given analytically in "��#�

Figure ���� compares values of RG�i�� i�
 derived from the Green�s
function of "��� ��# with those derived from simulating the resistive network
whose resistances are given according to table ��� with a constant basilar
membrane width w�i
 % ���� m� a liquid density 
 % � 	 ��
 kg�m
 and
scaling factors Fv % Fj % ��

Except for the little peak before the fall of RG which is absent from
the curves derived from the Green�s functions �and which are actually also
taken into account in "��� ��#
� the general aspect of both curves is similar
�within less than ��$ relative error
� However� their values show that the
resistances of the network are overestimated by a factor ��� Therefore
the basilar membrane mass per unit area of ��� kg�m� given in "��# is
overestimated by the same factor� bringing the value it should have using
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Figure ����� Resistive network equivalent resistances RG�x
�

�� x
�

��� a� derived
from Green�s function given in ��
� 
�	� b� measured on a trumpet�like shape
quantised with M � ��� points � Nmin � � points�

the Green�s functions of "��� ��# to ���� 	 ���� kg�m�� which is only twice
the value given in "��� ��#�

The mass per unit area of the basilar membrane given in "��# seems
actually too large� despite the fact that it includes the mass of the organ of
Corti� assuming it to have an homogeneous density in the order of magni�
tude of the liquid density� the cochlear partition �basilar membrane and or�
gan of Corti
 would have a thickness of ��� kgm�����
 kgm�
 % ��� mm�
which is larger than the height of the cochlear duct� Since this value still
yields appropriate transfer functions� this means that the hydrodynam�
ics of the liquid is not modeled accurately enough by the ��D description�
This is due to the fact that the equipressure surfaces in the liquid are made
proportional to equipressure contour in the ��D model by the basilar mem�
brane width� this means that the liquid is assumed to move uniformly over
the full width of each basilar membrane segment� which is not the case
in reality� Therefore the value of the basilar membrane width w used to
calculate the sheet conductivity � in equation �����
 must be much lower
than the geometric width of the basilar membrane� Equation ���� shows
that to keep the same characteristic height� the e�ective width of the basi�
lar membrane� which would displace the liquid uniformly above and below
it must be �� times lower than its geometrical width� Therefore� according
to the Green�s function computed in "��� ��#� the ��D reduction of the ��
D geometry of the cochlear duct presented here is valid� provided that the

width of the cochlear duct is taken about �� times smaller than the width of
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the basilar membrane� The resulting reduction of the e�ective liquid load
models thus its lateral movements� that do not interact with neighbouring
basilar membrane segments�

The values of the viscosity and the sti�ness per unit area are di�cult
to measure directly on live cochleae� Moreover it is probable that their
e�ective value is di�erent from their passive value due to the control by the
outer hair cells� Actually� the e�ective basilar membrane mass might also
be a�ected by the same feedback mechanism in order to tune accurately
the shape of the frequency response� The most reliable parameter available
from the biological cochlea is the liquid load� which may be calculated from
the geometry of the cochlear duct� It is given in the present model by the
e�ective duct width w to be used in equation �����
� The optimal basilar
membrane mass per unit length is obtained using the characteristic height
Hc of equation �����
 yielding the required shape of the frequency response�
The basilar membrane sti�ness is then adjusted to obtained the required
tonotopy� i�e� the required repartition of the characteristic frequencies
along the cochlea� Finally the viscosity term� which is modulated by the
undamping u performed by the outer hair cell feedback� is continuously
adjusted in an automatic gain control scheme around an operating points
yielding the required frequency selectivity at maximal sensitivity�

��� Summary

A realistic ��D model of the cochlea is proposed� whose most interesting
feature is its ability to reproduce the very sharp frequency cuto� of ���dB
per octave measured in the real cochlea� This requires relatively high
quality factors for the basilar membrane resonators but it also result from
the coupling of adjacent sections of the elastic basilar membrane through
the liquid�

The ��D movements in the liquid are emulated by a resistive network
quantising the Laplace equations to which the liquid obeys� By symmetry
only half of the cochlear duct is modeled� the one merging the scala media
and the scala vestibuli� The basilar membrane boundary of the result�
ing cavity is modeled by a bank of second�order serial resonators� These
resonators macro�model the micro�mechanics performed in the organ of
Corti overlying the basilar membrane� The feedback e�ect of the outer
hair cells is taken into account as an undamping variable which modulates
the e�ective viscosity of the organ of Corti� Except for the coupling by the
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liquid� no lateral interactions such as shearing resistance or longitudinal
sti�ness are taken into account in the resonator bank� as in most of the
computational models found in the literature�

The longitudinal resolution of this discrete model must be large enough
to sample without aliasing the sharp cuto�s at given frequency in the spa�
tial responses along the basilar membrane� On the contrary� the resolution
in the vertical axis has been shown to be less crucial� since the behaviour
of the cochlea is practically unaltered when quantised down to � points
per minimal cochlear duct height� The shape itself of the duct�s cross�
section appears not to be a relevant factor for the frequency response of
the cochlea�

Although the ��D model is based on an unrealistic assumption of the
movements of the liquid in the dimension dropped by the dimension re�
duction� the adequate parameter�s compensation such that it models ac�
curately the ��D hydrodynamics in the cochlear duct has been identi�ed
as the e�ective width of the cochlear duct�
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��� Introduction

In order to achieve a compact VLSI implementation of the dense resistive
network modeling the ��D model of the cochlea� the use of resistors im�
plemented with a single MOS transistor is envisaged� Such a use of the
transistor as a pseudo�conductance "��# has proven to be very e�cient in
several signal processing systems �see "��# for a review
� because in addi�
tion to its potential for very compact implementation� its current�mode
operation permits a linear range much larger than those obtained in volt�
age mode implementations� However� the concept of pseudo�conductance
is suited for spatial processing only� In order to include temporal pro�
cessing� reactive components compatible with pseudo�conductances are
needed� yielding �lters which are closely related to log�domain �lters "��#�

Section ��� recalls the concept of pseudo�voltage and pseudo�conduc�
tances used in the log�domain and introduces the concept of pseudo�

capacitance� In section ��� a compact implementation of a pseudo�trans�

capacitor is proposed� which integrates its di�erential input current into
an output pseudo�voltage� It is designed to be fully compatible with
the pseudo�conductances� Using a few additional transistors� the pseudo�
transcapacitor can be used as a building block to implement grounded
pseudo�capacitors� current�mode integrators and pseudo�transinductors�
In section ��� the implementation in the log�domain of the resistive net�
work and its bank of resonators modeling the ��D hydrodynamics of the
cochlea is proposed and analysed�

��� Spatio�temporal processing in the log�

domain

����� Pseudo�conductance and pseudo�voltage in weak

inversion

In weak inversion the channel current in a MOS transistor� de�ned posi�
tively when �owing from the terminal A to the terminal B ��gure ���
� is
given by�

iAB % �Ise�vG�VT�
�nUT
�
e�vA�UT � e�vB�UT

�
� ����
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Figure ���� voltage and current de�nition for a� NMOS and b� PMOS transistor�

where n is the slope factor and UT % kBT�q is the thermodynamic voltage
"��#� The speci�c current IS and the threshold voltage VT� are positive
values for both PMOS and NMOS transistors� The sign  '! applies for
PMOS and the sign  �! for NMOS transistors� The variables vG� vA and
vB are the voltages at the gate G and at the channel terminals A and B�
respectively� referred to the bulk voltage� They are de�ned positively from
G� A and B to bulk for NMOS transistors ��gure ���a
 and inversely for
PMOS transistors ��gure ���b
� De�ning the pseudo�voltage by

v� % �V� e�v�UT �' for PMOS� � for NMOS
� ����


where V� is an arbitrary positive scaling constant� transistors T� and T�
in �gure ��� implement a pseudo�Ohm�s law

i % G��v�A � v�B
� ����


with a pseudo�conductance G� % IG�V�� if T� and T� are identical� Note
that for jvA � vB j larger than a few UT � the pseudo�voltage at one ter�
minal becomes negligible with respect to the pseudo�voltage at the other
terminal� A saturated transistor corresponds thus to a pseudo�resistor
connected to the pseudo�ground �v� % �� noted ��
� This property is very
convenient to extract the current of such pseudo�grounded pseudo�resistor
using complementary transistors�

����� Current to pseudo�voltage conversion

The conversion from a pseudo�voltage to a current is performed by a sin�
gle pseudo�grounded pseudo�conductance ��gure ���a
� The reverse con�
version� i�e� from a current to a pseudo�voltage can be obtained with the
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and its bias �c�� where the signs ��� on V� and IG applies for PMOS and the
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circuit of �gure ���b� This structure can be seen as a diode�connected
transistor in which the conversion transistor implementing the pseudo�
conductance G� is embedded� a feedback loop adjusts the gate voltage
of the control transistor TF such that it sinks�sources the imposed input
current iin� as well as the current iload loading the pseudo�voltage out�
put� Doing so� the drain voltage vout of the control transistor TF � which
corresponds to the output pseudo�voltage v�out� adjusts so that the pseudo�
conductance G� allows the input current iin to �ow through it�

The diagram of �gure ��� illustrates the behaviour of an NMOS current�
to�pseudo�voltage converter� The input current iin is expressed as a func�
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Figure ���� graphic illustration of a NMOS current�to�pseudo�voltage converter

tion of the voltages vout at the source of transistors TG and the voltage
vin at the gate of the transistor TF � both assumed saturated� by

iin % IGe
�vout�UT % ISe

�vF�V��VT�
�nUT � iload� ����


where IS is the speci�c current of transistor TF and IG the saturation
current of transistor TG� The diagram uses normalised voltages v� % v�UT
and logarithmically scaled currents i� % ln�ji�ISj
� The voltages vF and
vout for a given input current iin can be determined from the corresponding
curves i�in�v

�
F 
 and i

�
in�v

�
out
� The curve i

�
in�v

�
out
 has a slope �� and equals

I �G % ln�jIG�Isj
 at v� % � �arrow a
� whereas i�in�v
�
F 
 has a slope ��n and

crosses i� % � at v� % V �� ' V �T� �arrow b
� The input current iin�v
�
F 


equals iload if vF decreases down to blocking TF �arrow c
� For a PMOS
circuit� the diagram is �ipped horizontally with V� replaced by V��

This diagram allows to determine the range "iinmin� iinmax# within
which the input current iin is correctly converted into the output pseudo�
voltage v�out� as a function of IG� iload and the bulk voltage V���
� The
minimal input current iinmin� is determined by the limit vF � vout � �UT
under which the transistor TG desaturates �arrow d
� The saturation of
TG is required to pseudo�ground the corresponding pseudo�conductance
G� in order to implement v�out % iin�G

� independently from vF � However�
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although the diagram assumes it saturated� TF can work in both satura�
tion and conduction regions� as long as vout is larger than V� �NMOS

or smaller than V� �PMOS
� Therefore iinmax� at which TF desaturates
�arrow e
� corresponds to the limit of the validity of the diagram rather
than the limit of the circuit itself�

����� Principle of the pseudo�capacitance

A linear capacitance imposes a voltage variation rate proportional to a
current� In the log�domain� the corresponding pseudo�voltage should be
de�ned by a voltage whose exponential has a variation rate proportional to
the same current� Such a requirement can be ful�lled by charging a linear
capacitor through a current mirror that modulates the input current with
a gain controlled exponentially by the voltage across the linear capacitor�
as shown in �gure ���� Both transistors T� and T� of such a current mirror
have the same gate voltage� assuming they are identical and saturated�
they can be considered as pseudo�grounded pseudo�resistors having the
same pseudo�conductance G� % �i�v�A � '! for PMOS�  �! for NMOS

imposed by T� and imposing ic % V�G

� by T�� The voltage vC follows the
linear capacitance law �dvC�dt % ic�C� The voltage shift Vsh between vA
and vC is constant� thus dvA�dt % dvC�dt and� using the de�nition ����

of the pseudo�voltage�
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Figure ���� a� NMOS and b� PMOS single current input pseudo�transcapacitor�
the bulks are connected to V� � � in a� and V� � � in b��
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describes the pseudo�capacitance law in terms of current and pseudo�
voltage� using the pseudo�transcapacitance C� % CUT �V�� The sign  '!
in the two leftmost terms of the equation applies to PMOS transistors�
whereas the sign  �! in the same terms applies to NMOS transistors� This
means that the absolute value of v�A �which is negative for NMOS
 in�
creases with a positive input current i in both cases�

In order to prevent vA to forward�bias the bulk�source junction of tran�
sistor T�� the common bulk voltage of the transistors is set lower�higher
than ground �for NMOS�PMOS� respectively
� The transistor voltages are
thus referred to ground instead of bulk voltage� so that v� % �V� when
v % ��

The voltage shift Vsh adjusts vA close to the ground �v�A � �V�
 in
order to maximise the dynamic range of the input current i by keeping
the capacitor current iC within the same order of magnitude as the in�
put current i� Moreover� if the pseudo�voltage v�C is considered as the
pseudo�transcapacitor�s output instead of v�A� the value of the pseudo�
transcapacitance is multiplied by a factor exp�Vsh�UT 
� which can be ad�
justed by Vsh�

��� Pseudo�transcapacitor circuit

����� Implementation of a pseudo�transcapacitor

The circuits of �gure ��� can only charge the capacitor C� The pseudo�
transcapacitor of �gure ��� solves this problem using a di�erential current
input� Only the PMOS version of the pseudo�transcapacitor is described
here� which can be implemented in an N�well technology� An NMOS
implementation would be functionally symmetrical�

The input i� charges the capacitor C according to equation ����

implemented by the transistors T� and T�� whereas the input i�� through
T
 and T�� discharges it similarly using the mirror T��T�� The output
pseudo�voltage is the capacitor voltage shifted by VshC using the follower
T��T��� whereas the voltage vA at the source of transistors T� and T
 was
shifted by VshA using T��T	� resulting in

v�C % v�Ae
�Vsh�UT � ����
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where Vsh % VshA � VshC � The circuit implements therefore

dv�C
dt

%
i� � i�
C�

� ����


with a pseudo�transcapacitance

C� % C
UT
V�

eVsh�UT � ����


With T� � T	 and T� � T��� the voltage shifts VshA and VshC can be
imposed at the gate of transistors T	 and T��� respectively� These voltages
must impose a bias current across T��T	 and T��T�� large enough so that
the output current of the followers�shifter they implement is comparatively
negligible not to a�ect v�A and v�C � In practice� VshA and VshC should
set T��T	 and T��T�� in strong inversion� This solution results in a very
compact implementation of a pseudo�transcapacitor� but the price to pay
is the large current biasing the follower�shifters� If power consumption is
an important issue� the bias current �owing through transistors T��T	 can
be reduced provided that copies of the input currents i� and i�� which
is also the output current of the follower�shifter T��T	� are sourced on
the node vA� The follower�shifter T��T�� could be similarly unloaded by
sourcing on its output node vC a copy of the pseudo�transcapacitor output
current� if available �see paragraph �����
�
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Figure ���� a� Diagram� b� symbol of a di
erential current input pseudo�
transcapacitor�
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����� Range of operation

The upper limit of the range of operation of the pseudo�transcapacitor
circuit is determined by the weak inversion range of the transistors T�� T��
T
 and T�� outside which equation ����
 is not valid� The lower limit is
imposed by the level of current required to exceed junction leakage and
internal noise� According to �gure ���� at given input currents i���� the
currents ic��� charging the capacitor are imposed by the gain of the mirrors
T��T� and T
�T��

ic���
i���

% evA�UT %
V�
v�A

� ����


which is controlled by the pseudo�voltage v�A�
For a given common mode input current i� % i� % I�� the excursion of

pseudo�voltage v�A should control the mirror�s gain so that the currents ic���
stay within the limits Imin and Imax of the current range� The common
mode input current I� is set at midway between Imin and Imax to have
the largest excursion of the di�erential signal� With Imax � Imin� I� is
thus set at about half the maximal current Imax� the pseudo�voltage v�A
must therefore lie within the range

�

�
� I�

Imax
� v�A

V�
� I�

Imin
� �

�

Imax
Imin

� �����


Outside the lower limit� the capacitor currents ic��� become larger than
Imax� The upper limit is given by the minimal capacitor currents hav�
ing an in�uence on its charging� A small Imin permits thus a very large
maximal value of pseudo�voltage v�A� but its corresponding voltage vA %
�UT ln�v�A�V�
 still has a reasonable order of magnitude since it is loga�
rithmically compressed�

The pseudo�transcapacitor functions as an integrator in the pseudo�
voltage domain� With a dc input signal� it will always reach its upper or
lower limits� For harmonic signals� it is however possible to determine the
maximal amplitude of the di�erential input that keeps the circuit within
its operating range� Equations ����
� ����
 and ����
 result in

dv�A
dt

%
i� � i�
CUT �V�

� �����


which permits to express v�A�t
�V� when the di�erential input i� � i� is a
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cosine wave at angular frequency � having an amplitude IAC �

v�A�t


V�
%

V �A�
V�

'
IAC
C�UT

sin��t
� �����


where V �A��V� in an arbitrary value resulting from the initial conditions of
the pseudo�transcapacitor� With a constant common�mode current I� %
Imax�� at input i�� and for a capacitor current ic� lying within "Imin� Imax#�
the maximal amplitude of v�A�V� variations can be found by imposing the
maximal and minimal value of equation �����
� i�e� for sin��t
 % '� and
��� equal to the upper and lower limits of equation �����
� respectively�
which yields

IACmax %
C�UT

�



Imax
Imin

� �

�
� �����


with a dc value of the pseudo�voltage at

V �A� %
V�
�



Imax
Imin

' �

�
� �����


The di�erential input is imposed by varying i� with an amplitude IAC
around the common mode input I� % Imax��� The variation of the ca�
pacitor current ic� is thus given� using equation ����
� �����
� �����
 and
�����
� by

ic�
Imax

% �
� ' iAC cos�

�Imax�Imin � �
�� ' sin�
 ' �
� �����


where � % �t is the electrical angle of the input signal and iAC % IAC�I� %
�IAC�Imax is the di�erential input relative to the common mode� The ex�
trema of the right hand�side of equation �����
 bound the range of the
capacitor current ic�� and these must lie within "Imin� Imax#� The analyt�
ical calculation of these extrema leads to a transcendental equation� The
plot of ic��Imax as a function of the electrical angle � in �gure ��� shows
that� for dynamic ranges Imax�Imin � ��� the maximum is alway reached
at � % ���� which corresponds to the minimum of the denominator� For
this angle� the pseudo�voltage v�A is minimal� the di�erential input equals
� and the maximum of ic��Imax equals unity� the maximal value of ic� is
therefore ensured not to be larger than the maximal current Imax� At the
other extreme� the electrical angle for which the minimum of ic��Imax is
obtained shifts from ��� for iAC % � toward � % � for iAC % � �where
ic� % � since i� % � in this case
� Assuming as an initial guess that iAC
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Figure ���� Plot of the function ic��Imax��� with a current dynamic range
imposed at Imax�Imin � �� for several values of di
erential input amplitude
iAC �

is large enough so that the minimum occurs at � � �� allows to obtain
for ic� % Imin� using equation �����
� a maximal relative di�erential input
amplitude

iACmax %
�IACmax
Imax

%
�

�



� '

Imin
Imax

�
� �

�
� �����


The maximal amplitude of the di�erential input must be half the common
mode Imax�� to ensure the capacitor current ic� not to become lower than
the minimal current Imin�

The minimal frequency �min of the di�erential input signal ensuring
the largest output pseudo�voltage variations with the largest di�erential
input range is �nally given using equations �����
 and �����
�

�min %
Imin
CUT

� �����


Figure ��� shows the simulation results of the pseudo�transcapacitor of
�gure ��� �without its output follower�shifter T��T��
� with an excitation
i��t
 % I� ' IAC cos��t
 at input i� and a constant value I� at input i��
The dc value I�� ideally equal to I� for a zero di�erential input� has been
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Figure ���� a� Capacitor currents ic���� b� pseudo�voltage output v�A�V� and c�
output voltage �vA in response to a cosine di
erential input with i� as in b�
and i� constant �simulation results��

adjusted to compensate the e�ect of the circuit imperfections �i�e� the
non�zero output conductances of the transistors
� avoiding a drift of the
dc pseudo�voltage V �A�� The aspect ratio of T�� T�� T
 and T� was set
to W�L % ���m���m� which gives� with the technology simulated �ES�
����
� a speci�c current IS % �n�U�

T % ��� nA with n % ���� Ensuring a
maximal inversion coe�cient Imax�IS % ��� imposes a maximal current
Imax � �� nA� In order to minimise its current gain error� the transistors
of the mirror T��T� are set into moderate inversion using an aspect ratio
W�L % ��m����m� these longer transistors have also a reduced output
conductance� �Note that using the equivalent circuit in a P�well technology
would allow larger current with the same inversion factor and a mirror T��
T� set into stronger inversion because the speci�c current is usually � to �
times higher for NMOS than for PMOS transistors�


The simulation conditions were set to limit the current within a ��
dB dynamic range of currents� between Imin % ��� pA to Imax % �� nA�
by tuning the appropriate parameters VA�� IAC and I� while imposing
I� % �� nA and � % �� 	 ��� Hz with a capacitor C % �� pF� The
follower�shifter is implemented with transistors T��	 having an aspect ra�
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parameter theoretical simulation

�VA� % �UT ln �V �A��V�
 ����mV �����mV
I� % Imax�� ��nA ������nA
IAC % IACmax�����Hz��min �����nA �����nA
v�Amin�V� % ��� ��� see Fig ���b
v�Amax�V� % Imax��Imin �� see Fig ���b
�vAmin % �UT ln �v�Amin�V�
 �����mV see Fig ���c
�vAmax % �UT ln �v�Amax�V�
 �����mV see Fig ���c

Table ���� Theoretical and adjusted values of parameters producing the be�
haviour of �gure ���

tio W�L % ���m���m� and it is sets for a voltage shift VshA % � V�
Table ��� compares the adjusted parameters with their theoretical predic�
tion� whereas �gure ��� con�rms the expected behaviour of the circuit�
except for the value of the capacitor current ic� which undershoots the
minimal current Imin� this undershoot is due to the overestimation in set�
ting � % � to get the minimum of equation �����
� The pseudo�voltage
v�A�V� was actually measured as the current in a pseudo�grounded pseudo�
conductance G� % �nA�V� connected to the pseudo�transcapacitor�s node
vA�

����� Second�order e�ects

Second�order e�ects that a�ect the required relationship between electrical
variables such as currents and voltages are analysed to estimate to what
extent they a�ect the relationship between the currents and the pseudo�
voltages�

The output conductances of transistors T� to T� will a�ect the gains of
mirrors T��T�� T
�T� and T��T�� The unity current gain of a mirrors Ti�Tj
�at vA % � for the pairs T
�T� and T��T�
 is a�ected by a constant error
�Eij �

iDj
iDi

%
VDj ' VE
VDi ' VE

� � '
VDj � VDi

VE
% � ' �Eij � �����


where iDi� VDi and VE are the drain current� drain voltage and the voltage
representing the current dependent output conductance gDS % ID�VE �VE
is equivalent to the Early voltage of bipolar transistors
 of transistor Ti�
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respectively "��#� The drain currents are de�ned positively when entering
the drain for NMOS and inversely for PMOS transistor� the drain voltages
are de�ned positively from drain to local substrate for NMOS and inversely
for PMOS transistors� and the voltage VE is positive for both types of
transistors� Equation �����
 is valid when both transistors Ti and Tj are
identical� i�e� they have the same threshold voltage and the same size�

The mismatch of the threshold voltage VT� and the transconductance
factor � % �CoxW�L between the transistors Ti and Tj results in another
unity gain error �Mij � Assuming these errors small enough� they are ad�
ditive� yielding a current gain �� ' �Eij
�� ' �Mij
 � � ' �ij � thus a�ected
by an error �ij % �Eij ' �Mij �

A further imperfection to take into account is the current leaking from
the capacitor�s node� This leakage current IL may be assumed constant
since the voltage vC has very small variations in the normal range of
operation� Therefore the net current ic charging the capacitor C is given
by

ic % "i��� ' ��
� i��� ' ��
#
V�
v�A

� IL� �����


where �� % ��� is the gain error of the mirror T��T� and �� % �
� ' ��� '
�
���� � �
� ' ��� is the one of the mirrors T
�T� and T��T�� the current
gains of mirrors T��T� and T
�T� are controlled by the sources of T� and
T
 according to equation ����
� Di�erentiating the pseudo�voltage v�A with
respect to time similarly to equation ����
 and using the capacitor current
ic described by equation �����
�

dv�A
dt

%
ic
C

v�A
UT

%
�

C�
"i��� ' ��
� i��� ' ��
#� v�AIL�V�� �����


shows that a constant leakage current IL acts as a parasitic pseudo�
conductance g�L % IL�V� in parallel with the pseudo�capacitance C� %
CUT �V� of the circuit� Note that with a negative leakage current IL
�charging the capacitor
 the pseudo�conductance g�L is negative� making
the circuit unstable instead of stabilising it in presence of an input dc o�set
�see paragraph �����
�

The equivalent circuit for a constant common mode current i� % I�
imposed at the negative input and the di�erential input signal i varying
around this common mode at the positive input is shown in �gure ���� the
value of the pseudo�capacitance is modi�ed by a factor C�

�
�C� % ����'��
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Figure ���� a� Pseudo�transcapacitor with its bias and input signal and b� its
equivalent circuit in the log�domain�

and it has a constant current source �I� % I����� ��
���' ��
 and a linear
pseudo�conductance g�L

�
% g�L��� ' ��
 in parallel with it�

The gain errors �E��� �E
� and �E�� due to the output conductances
of the transistors depend on their drain voltages� which are not constant�
Assuming all transistors in weak inversion �although T� and T� are in
moderate inversion
 and neglecting the second�order error terms� these
drain voltages are given by�

VD� % n�V� ' VT�� ' n�UT ln

�
i�
IS�

V�
v�A

�
� �����


VD� % V� ' VshA ' vA

% V� ' VshA ' UT ln

�
V�
v�A

�
� �����


VD
 % n
V� ' VT�
 ' n
UT ln

�
i�
IS


V�
v�A

�
� �����


VD� % V� � V� � VD�

% V� � V� � VT�� � n�UT ln

�
i�
IS�

V�
v�A

�
� �����


VD� % VT�� ' n�UT ln

�
i�
IS�

V�
v�A

�
� �����


VD� % �V� � VshA � vA

% �V� � VshA ' UT ln

�
V�
v�A

�
� �����
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Using these expressions for the drain voltages in equation �����
� the gain
errors �Eij % �Eij� ' +�Eij have thus a constant term �Eij� which depends
on supply voltages V���� threshold voltages VT� and  Early! voltages VE �
and a term +�Eij which depends on the input currents i��� and the output
pseudo�voltage v�A� this dependent term is given by�

+�E�� %
UT
VEp

�
�np � �
 ln



v�A
V�

�
� np ln



i�
ISp

��
� �����


+�E
� %
UT
VEp

�
�np ln



v�A
V�

�
� �np ln



i�
ISp

��
� �����


+�E�� %
UT
VEn

�
�nn � �
 ln



v�A
V�

�
� nn ln



i�
ISn

��
� �����


where the indices p and n apply for the PMOS transistors T����
�� and
for the NMOS transistors T���� respectively� In parallel to the leakage
pseudo�conductance g�L an additional nonlinear pseudo�admittance func�
tion y�E�v

�
A
 must therefore be added� which generates the current

iE % y�E�v
�
A
 % i�+�E�� ' i��+�E
� ' +�E��
� �����


The pseudo�admittance y�E depends actually on v�A and its time deriva�
tive dv�A�dt because the input currents i��� that appear in equation �����

as well as in the expressions �����
������
 of +�Eij depend on the out�
put pseudo�voltage through the pseudo�transcapacitance law i� � i� %
C�dv�A�dt� Since the full range signal is almost as large as the range of
operation of the circuit� linearisation of y�E around its operating point for a
small signal analysis is useless and the analysis of its dynamics is therefore
not straightforward� Nevertheless� the e�ect of this nonlinear term might
be small in a reasonable range of operation and it will be neglected at �rst
approximation in further usage of the pseudo�transcapacitor circuit�

Interestingly� the above analysis shows that a constant current IL on
the capacitor C acts in the log�domain as a linear pseudo�conductance
g�L in parallel with the pseudo�capacitance C�� constant variations of
the capacitor voltage due to constant current becomes in the log�domain
exponential variations of the pseudo�voltage due to a parallel pseudo�
conductance� Similarly� constant multiplicative error on the mirror gains
results in constant current source added to the input current in the log�
domain�
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����� Stability

The stability analysis of a single capacitor seems a nonsense since it has an
in�nite number of stable points when its current is zero and it is unstable
when charged by a current� even a very small one� However� the pseudo�
transcapacitor circuit must be designed such that it does not reach a stable
point for which the input current cannot anymore control the evolution of
the output pseudo�voltage� This condition is of particular interest at the
power�on of the circuit� when the operating point is not yet established�

The state of the pseudo�transcapacitor is determined by the voltage on
the capacitor C� which imposes the output pseudo�voltage� Two situations
resulting in the loss of control are possible�

�� The desaturation of the transistors sinking the input currents i����

�� A too small current gain V��v
�
A of the mirrors T��T� and T
�T��

When used within a larger circuit� the two input currents i� and i�
of the pseudo�transcapacitor will generally be sinked by saturated com�
plementary transistors Ti� and Ti� �see �gure ����
� The drain voltage
�v����V� of Ti��� depends on the drain voltage on transistors T��
� given
using equation ����
 by

v��� % nvA ' �n� �
V� ' VT� ' nUT ln�i����IS
� �����


VshA

T1 T2

C

V+

V-

i1

T4 T3

T5T6

T7

T8

i2

vA

V s
hA

ic1

i’c2 ic2

v1 v2

Ti1 Ti2

vC

IL

TR

Figure ����� Pseudo�transcapacitor with its inputs controlled by complemen�
tary transistor�
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where n� VT� and IS are the slope factor� the threshold voltage and the
speci�c currents of transistors T��
� respectively� similarly to vA� v��� are
de�ned positively from ground to the corresponding drain of T��
� The
increase of v��� to the point where the transistors Ti��� desaturates is
therefore imposed by the increase of vA� and thus the fall of the internal
pseudo�voltage v�A % V� exp��vA�UT 
� As illustrated by the simulation
results of �gure ���� �performed on the same circuit as in paragraph �����
with Ti��� having an aspect ratio W�L % ��m���m
� when the pseudo�
voltage v�A falls linearly� �vA decreases logarithmically� This means that
it is compressed as long as d��vA�UT 
�d�v�A�V�
 % V��v

�
A is smaller than

�� thus when �vA 	 �� The limit �vA % � corresponds to the unity
gain of the mirrors T��T� and T
�T� �occurring at �����ms and �����ms in
the simulation� marked by vertical lines in �gure ����
� below and above
which this gain increases and decreases� respectively� Therefore� if the out�
put pseudo�voltage v�A falls linearly due to the constant di�erential input
current i� � i� � � while �vA � �� vA and thus v��� will increase faster
and faster� If v��� become too large� practically v��� % �VDsat' V�� tran�
sistors Ti��� desaturate� But in this case the drain of transistors T��
 as
well as the gates of transistor T��� would be close to V�� and since �V�
must be at least as large as two threshold voltages� transistors T��� would
fall into strong inversion� imposing currents ic��� much larger than their
nominal values� Transistor T� would therefore have already desaturated�
at a relatively high drain voltage �vC�V� � ��UT in the simulation
 and
consequently stopped further increase of the voltage vC � because the dis�
charging current i�c� is not anymore applied on the capacitorC� whereas the
charging current ic� is still imposed by T�� The voltage �vA % vC ' VshA
reaches thus a minimal value that will maintain transistors Ti��� saturated
�with a drain voltage �v��� � V� of almost ��UT in the simulation
 and
thus keep the pseudo�transcapacitor controllable by its input current�

At the other extreme� if the capacitor C is charged at a highest voltage
V�� the feedback cannot work as long as vC is not pulled down to a value
that would bring the follower�shifter into its normal mode of operation�
i�e� with T� and T	 saturated� Before this point� T� is blocked and and T	
is in the conduction mode� imposing �vA % V�� Anyway� in this case the
transistors Ti��� are ensured to be saturated� thus theoretically capable to
control the charging of the capacitor� However� the gain of the mirrors T��
T� and T
�T� reaches in this case its minimal value V��v

�
A % exp��V��UT 


which may yield currents ic��� that are dominated by uncontrolled leakage
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Figure ����� Behaviour of the pseudo�transcapacitor with a step�varying di
er�
ential input signal� driving the circuit beyond the lower limit of output pseudo�
voltage� voltages relative to UT are plotted to illustrate the identical slope of
v�A�V� and �vA�UT at unity gain ic����i��� �simulation results��

currents through the bulk�drain junction of T� and T��

Simulations showed that the circuit was unable to reach a controllable
operating point at startup with a supply voltage V� % �V� However� re�
ducing it down to V� % ���V� the circuit could be brought to a controllable
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mode of operation from any initial capacitor voltage between the power
supply rails� For higher values of initial capacitor voltage� a reset transis�
tor TR might be necessary to discharge the capacitor after startup� This
transistor might also be used to control the leakage current IL such that
it sets a positive parallel pseudo�conductance G�L ensuring the stability of
the circuit �see paragraph �����
�

As a conclusion� the pseudo�transcapacitor circuit is controllable by its
inputs for any initial capacitor voltage V� � VC� � V�� provided that the
transistor T� desaturates before the transistors sinking the input currents
and that the positive supply voltage V� ensures a minimal possible gain
of the mirrors T��T� and T
�T� allowing them to source currents into the
capacitor that are large enough to control its discharge�

����� Noise

The noise generated by the pseudo�transcapacitor circuit is modeled as
additional equivalent noise sources in order to estimate its e�ect in larger
circuits� An input equivalent current noise source will take into account
all internal noise sources yielding the noise current entering the capacitor
C� An additional output voltage noise source is then required to model
the e�ect of the internal noise generated by the follower�shifter� since this
noise is not integrated by the capacitor�

Each transistor Ti generates a noise current iNi having a power spectral
density sIi� The noise level is usually small enough to linearise the circuit
around its operating point� according to �gure ����� With gm� % gm��
gm��gm� % IC��I� % gm��gm
 % IC��I� % V��V

�
A and gs� % IC��UT %

gs
 % IC��UT % I�V��V
�
A� the noise current iNC charging the capacitor is

given by�

iNC %

�
gm�

gm


gm�

gm�
gs
 � gm�

gm�
gs�

�
vA

'
gm�

gm


gm�

gm�
iN
 � gm�

gm�
iN� ' iN� ' iN� � iN� � iN�

% �iN
 � iN�

V�
V �A

' iN� ' iN� � iN� � iN�� �����


The thermal noise generated by each transistor Ti� when all transistors are
saturated and assumed in the weak inversion region� has a power spectral
density sIi % �nikBTgmi� where kB is the Boltzmann constant and T is
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Figure ����� a� Pseudo�transcapacitor input circuit at its operating point and
b� its linearised version with internal noise sources�

the temperature in Kelvin "��#� Since these noise sources are not corre�
lated� their power spectral density add� The power spectral density sIC of
the capacitor current iNC due to thermal noise is given by replacing the
current �iNi by their power spectral density 'sIi and squaring all gains
in equation �����
�

sIC % �sI
 ' sI�




V�
V �A

��
' sI� ' sI� ' sI� ' sI�

%
�kBT

UT
I�



V�
V �A

��

� ' �

V �A
V�

�
� �����


This power spectral density must be equal to that obtained when injecting
an equivalent noise current iNin at input i� in the noiseless circuit� The
power spectral density sIin of this input noise current iNin must be such
that sIin�V��V

�
A


� % sIC � thus�

sIin %
�kBT

UT
I�



� ' �

V �A
V�

�
� �����


where V �A�V� is determined by the dc output of the pseudo�transcapacitor
circuit� The input noise is injected at input i� only� but it can equivalently
be injected at input i�� It can also be injected on both input i� and i�� pro�
vided its power spectral density is half the value given by equation �����
�

The noise current iNC is integrated by the capacitor C� yielding an
output noise voltage having a power spectral density sV C % sIC����fC
��
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Figure ����� a� Output follower�shifter circuit of pseudo�transcapacitor at its
operating point and b� its linearised version with internal noise sources�

However� additional noise is created at this output by the follower�shifter
circuit� which can also be linearised around its operating point� according
to �gure ����� Since transistor T� has its substrate connected to vA� gm�

is controlled by the voltage di�erence vC � vA� yielding an output voltage
vA % vC'�iN	�iN�
�gm�� The power spectral density of the output noise
voltage is thus given by sV A % sV C ' �sI	' sI�
�g

�
m�� whose second term

represents the noise contribution of the follower�shifter stage alone� Since
both transistors T� and T	 are identical and have the same drain current�
they have the same transconductance gm� % gm	� the same slope factor
n� % n	 is also assumed� These transistors being set in strong inversion�
their current noise power spectral density is given by sIi % ����
kBTnigmi
"��#� resulting in a noise contribution vNout of the output follower�shifter
having a power spectral density�

sV out %
��n�
�

kBT

gm�
� �����


where gm� is also the output conductance of the follower�shifter circuit� it
can be considered as generating alone the output noise voltage of power
spectral density �out�kBT�gm� with a noise factor �out % �n���� The
transconductance gm� % gm	 is imposed by the shift voltage VshA ac�
cording to gm	 % �	�VshA � VT�	
�n	� where �	� VT�	 and n	 are the
transconductance factor� the threshold voltage and the slope factor of the
transistors T	 �and T�
� respectively�

The pseudo�transcapacitor circuit including the equivalent noise source
is shown in �gure ����� an input noise current source iNin with power
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Figure ����� Pseudo�transcapacitor with its input and output equivalent noise
sources

spectral density sIin is added at the input i� and the output noise voltage
source vNout with power spectral density sV out is inserted at the output�

The output noise power v�AN of the circuit is estimated by integrating
over frequency the power spectral density of each source multiplied by the
squared transfer function between the source and the output� thus

v�AN %

�Z
�

sIin



V�
V �A

�� df

���fC
�
'

�Z
�

sV outdf� �����


where the �rst term is due to the input noise source and the second to the
output noise source� Both integrals yield an in�nite value� the �rst one
for the lower limit f % �� which is an intrinsic feature of a pure integrator
with a non�zero dc input noise� and the second for the limits f % ��
because the output is not frequency limited� In practice� however� the low
frequency gain is limited by the pseudo�conductance gL
 due to leakage
current IL �paragraph �����
� and the output is high�frequency limited by
the output conductance gm� together with the parasitic capacitance at the
output node� Furthermore� as the pseudo�transcapacitor is to be used as
a building block for larger circuits� the e�ect of its input and output noise
sources iNin and vNout is to be taken into account in the noise calculation
of the whole circuit� as will be shown in the next section �paragraph �����
�

����� Circuits based on pseudo�transcapacitors

Log�domain grounded capacitor

The pseudo�transcapacitor of �gure ��� is transformed into a pseudo�
grounded pseudo�capacitor by imposing its output pseudo�voltage on its
input with a current conveyor� as shown on �gure ����a� With a constant
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current I� added to the pseudo�capacitor current iC as well as imposed on
the pseudo�transcapacitance input i�� this circuit implements�

C�
dv�C
dt

% i� � i� % �iC ' I�
� I� % iC � �����


The mismatch between the two current sources I�� together with the
internal o�set source due to the imperfection pseudo�transcapacitor�s mir�
rors �see paragraph �����
� results in an o�set current source in parallel
with the pseudo�capacitor� which will just cause a dc pseudo�voltage o�set
when the terminal v�C is loaded by a pseudo�conductance�

Companding integrator

Pseudo�transcapacitors are closely related to companding integrators "��#�
which are based on a compression of the input current� an integration
of the compressed current by a linear capacitor and an expansion of the
resulting capacitor voltage� The pseudo�transcapacitor compresses and
integrates� but the expansion is not needed since an output pseudo�voltage
is required� Nevertheless� as shown in �gure ����b� the expansion into a
linear current is performed with a pseudo�grounded pseudo�conductance
G� �see paragraph �����
� resulting in�

iout %
C�

G�

Z t

��

�i� � i�
 dx� �����
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Figure ����� a� Log�domain grounded capacitor� b� companding integra�
tor�pseudo�transinductor�
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Pseudo�transinductor

Using identical pseudo�conductances G�� the input currents i��� of a com�
panding integrator can be controlled by pseudo�voltage v���� % i����G

��
The resulting pseudo�transinductor of �gure ����b implements�

L�
diout
dt

% v�� � v�� � �����


where a gyrator made from the three transistors implementing the pseudo�
conductances G� transforms the pseudo�capacitance C� into a pseudo�
inductance L� % C��G���

��� Log�domain implementation of the ��D

cochlea

����� Basilar membrane resonator

The electrical equivalent of a basilar membrane section is a serial res�
onator made from a resistor� a capacitor and a super�capacitor� The super�
capacitor is a dipole whose second derivative of the voltage di�erence v
between its terminals is proportional to the current i �owing through it�
i�e� in the frequency domain� v � i��j�
� % �i����f
�� For this rea�
son� this device is usually called Frequency Dependant Negative Resistor

�FDNR
� The term super�capacitor is preferred here� because it illustrates
the fact that a serial RCS resonator is equivalent to a LRC resonator� the
inductance L becomes a resistance R�� the resistance R a capacitor C� and
the capacitor C a  super!�capacitor S�� provided that the current i��t

�owing through these elements corresponds to the time derivative di�t
�dt
of the current �owing through the LRC resonator�

v�t
 % L
di�t


dt
'Ri�t
 '

�

C

tZ
��

i�x
dx

% R�i��t
 '
�

C�

tZ
��

i��x
 '
�

S�

tZ
��

yZ
��

i��x
dx dy� �����


where R� % L���� C
� % ���R� S

� % ��C and i� % ��di�dt� �� being an
arbitrary scaling time constant� Rewriting the equation of the serial RCS



��� CHAPTER �� LOG�DOMAIN VLSI ��D COCHLEA

C* G* C* G*

I0

iZ

I0 I0

211 2

G*

V+

V-

vZ*

i i1 i2
ii

KI0vZ*’

T2 T4

T1 T3 T5 T7 T9 T11T13 T15T17

T6 T8

T10

T12

iF0*

0* 0*

i i1

i1 i2

Figure ����� Log�domain implementation of the basilar membrane resonator�

resonator
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indicates that the RCS resonator can be implemented using two compand�
ing integrators �paragraph �����
� a current�to�pseudo�voltage converter
�paragraph �����
 and a current conveyor used similarly as for the log�
domain grounded capacitor �paragraph �����
� as shown in �gure ����� The
pseudo�voltage across the capacitor and the super�capacitor are converted
into currents i� and i� by the pseudo�conductances G�� and G��� respec�
tively� whereas the pseudo�voltage across the resistor is already available
as the current i � These currents are summed into the current iF � which
is converted back into the resonator pseudo�voltage v�Z

� % iF �G
� using

the pseudo�conductance G� and �nally fed back at the input through the
current conveyor T��T
�T��T� that imposes v�Z % v�Z

��
Expressing the transfer function �����
 of the companding integrator

in the Laplace domain allows one to use
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 %
�

s��
�I�s
� I�
� �����
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in writing the sum of the currents converted into the resonator�s pseudo�
voltage V �Z
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where �� % C���G
�
� and �� % C���G

�
�� The current I�s
 is expressed from

equation �����
 and used to rewrite equations �����
 and �����
� with v�Z
� %

v�Z ensured by the input current conveyor�

I�s
 % V �Z �s
G
� s�����
s����� ' s�� ' �

' I�
Ks����� ' s�� ' s�� ' �

s����� ' s�� ' �
�

�����


I��s
 % V �Z �s
G
� s��
s����� ' s�� ' �

' I�
�K � �
s�� ' �

s����� ' s�� ' �
� �����


I��s
 % V �Z �s
G
� �

s����� ' s�� ' �
' I�

�K � �
� s��
s����� ' s�� ' �

� �����


Since the bias current I� is dc �s % j� % �
� the second term of the three
above equations simpli�es into I�� I� and �K��
I�� respectively� resulting
in
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where Z��s
 % V �Z �s
�IZ�s
 is the pseudo�impedance of the log�domain
resonator� Expressing equation �����
 in terms of the resonator input
currents IZ�s
 % I�s
� I� and comparing it with equation �����
 �p� ��
�
results in the correspondences between the electrical model of the basilar
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electrical log�domain

conductance GBM G�

capacitance CBM ��G
� % C��

G�

G��

super�capacitance SBM ����G
� %

C��C
�
�

G��

G�

G��

Table ���� Correspondences between the electrical model of the basilar mem�
brane resonator and its log�domain implementation

membrane resonator and its log�domain implementation listed in table ����

Using the time constant � and quality factor Q de�ned by

�� % ���� %
C��C

�
�
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Q� % ����� %
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the resonator impedance Z� is expressed by�

Z��s
 %
�

G�
s��� ' s��Q' �

s���
� �����


The dc value of the currents i and i� when no ac excitation is present at
the input vZ equals I� since they correspond to the inputs of the pseudo�
transcapacitors C�� and C�� which stabilise at a zero di�erential input�
Therefore� at dc the current i� stabilises at a value I� % IF ' �K � �
I��
where IF % V �ZG

� is determined by the dc pseudo�voltage V �Z  across! the
resonator� The dc value I� must be large enough to permit the maximal
variation of i� ensuring i� 	 �� On the other hand� the current�to�pseudo�
voltage converter T���T�� needs a minimal input current IFmin �owing
through G� to function correctly �see paragraph �����
� Therefore� the
input pseudo�voltage v�Z must vary around a dc value V �Z which permits
the maximal variation of v�Z to maintain v�ZG

� 	 IFmin� The current i�
has thus two dc components� I� % �K � �
I� ' V �ZG

�� Setting K % �� the
�rst one equals to the common mode I� of the pseudo�transcapacitors� and
the second corresponds to the dc value V �Z of the pseudo�voltage across
the resonator� represented by the current I� � I� % V �ZG

��
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����� Parameter mapping

According to table ��� �p� ��
� the conductance GBM �i
 modeling the
basilar membrane mass is the same for each resonator in the bank� The
same applies to the capacitance CBM �i
� but its value is modulated by
the undamping term u� which can be local to a position i if an automatic
gain control mechanism is implemented� Finally� the super�capacitance
SBM �i
 modeling the basilar membrane compliance increases exponen�
tially with position i in the resonator bank� The correspondences of ta�
ble ��� suggest therefore to map the super�capacitance SBM �i
 with the
pseudo�capacitance C�� �i
� and the unmodulated capacitance CBM �u % �

with the pseudo�capacitance C�� � Since the pseudo�conductance G� corre�
sponds to the conductance GBM that is constant� the pseudo�conductance
G�� is imposed by the undamping term u according to ��u � G��� whereas
the need of a constant product G��� % G��G

�
� is imposed for each super�

capacitor SBM �i
� This choice of constraints is summarised in table ����

����� Implementation of the log�domain resonator

The full diagram of the log�domain resonator is shown in �gure ����� The
pseudo�transcapacitors C���� have their pseudo�capacitance controlled by
a voltage imposed on their control input VshA� while their second control
input VshC is kept constant �see �gure ���� p� ���
� Since C�� �i
 increases

mechanical electrical log�domain

mass m��i
 GBM %
Fj
Fv

&x

m�
G��i
 %

Fj
Fv

&x

m�

viscosity h��i
 CBM �i
 %
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Fv

&x

h�
�

�� u�i

C�� �i
 % G��

m�

h�

G�� % G��"�� u�i
#

sti�ness k��i
 SBM �i
 %
Fj
Fv

&x

k���

�i��b C�� �i
 % G��

h�

k���

�i��b

G�� %
G���
G��

Table ���� Mapping of the parameters between the mechanical and electrical
model of the basilar membrane resonator and its log�domain implementation
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Figure ����� Log�domain implementation of the basilar membrane resonator�

exponentially with the position i of the resonator in the bank� the value
of VshA��UT � to which the logarithm of C�� is proportional must increase
linearly� resulting in follower�shifter�s bias currents that vary quadratically
if the follower�shifter are in strong inversion or exponentially if they are
in weak inversion�

However� these follower�shifters must source an output current� which
will unbalance the current biasing their two transistors� resulting in a
modulation of their output voltage� To prevent this e�ect� both follower�
shifters of both pseudo�transcapacitors are unloaded by sourcing on their
output a copy of their output current� The output current of the follower�
shifter controlled by VshA �at the internal node vA of the pseudo�transca�
pacitor� see �gure ���
 corresponds to the sum of the pseudo�transcapacitor
input currents� available by copying the current in the transistors that sink
them �transistors T��� T
�� T�	 and T
� for C�� and T
�� T
�� T
� and T
	
for C�� in �gure ����
� similarly� the output current of the follower�shifter
controlled by VshC �at the pseudo�transcapacitor output vC
 corresponds
to the output current of the integrators C�����G

�
���� available by copying

the current in transistors T� and T�� using T

� T
�� T
� and T
�� T��� T���
respectively� At the expense of � additional transistors for each pseudo�
transcapacitor� the power consumption mostly needed to bias the ����M
fully loaded follower�shifters will be largely reduced�

The current sources KI� �K % �
 is implemented by a PMOS mirror
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T�	�T�� having the source of its transistors connected to the ground instead
of the voltage supply V�� This ensures the transistor T�� implementing
the pseudo�conductance G� to be saturated as long as the current KI� is
correctly imposed by T�� saturated� Without this� the case may happen
that the voltage v�Z

� at the source of T�� rises transitorily up to a value
for which the input pseudo�voltage source imposing v�Z suddenly absorbs
the totality of the input current source I� �transistor T��
� setting the
conveyor T��T��T
�T� in an undesirable stable operating point that do
not anymore impose v�Z % v�Z

�� The input current source I�� however is
imposed by a PMOS mirror T���T�� having the source of its transistors
connected at V�� Setting V� at a lower value than in the simulations of
paragraphs ����� and ����� ����V instead of �V
� prevents also the internal
pseudo�voltage v�A of the pseudo�transcapacitors to rise to a value making
it uncontrollable due to the resulting very small gain of its compressing
mirrors �see paragraph �����
�

NMOS transistors PMOS transistors
name W�L IS name W�L IS

M��M
� ��m����m ��nA M�� M��
M���M���
M�	�M��� ��m����m ���nA
M��M���
M���M���
M���M�	 ���m���m ���nA

pseudo�transcapacitors �according to diagram in �g� ���

M�� M� ��m����m ��nA M��M� ���m���m ���nA

M��M�� ��m���m ��nA

voltage sources current sources
name value name value

V� '���V I� ��nA
V� ����V IG ��nA
VshA� ����V� UT ln�t
 IG� �nA�q
VshA� ����V� UT ln�t
 IG� �nA 	 q
VshC ����V IGC ��nA

Table ���� Parameters values for simulation� note that all voltages are de�ned
positively terminal from node to ground�



��� CHAPTER �� LOG�DOMAIN VLSI ��D COCHLEA

����� Transient simulation

The full circuit of �gure ���� was simulated� The input pseudo�voltage v�Z
was imposed through a follower by a current�to�pseudo�voltage converter
T��� T��� T�	 having a pseudo�transresistance v�Z�Iin % ��G�C % V��IGC �
The size of the transistors and the value of the currents and voltages
sources are summarised in table ����

The input signal Iin is a current switching between ��nA and ��nA�
which corresponds to an input pseudo�voltage v�Z�V� % Iin�IGC vary�
ing between ��� and ���� The time constant � of the resonator is con�
trolled by the voltage VshA��� of both pseudo�transcapacitors C�� and C�� �
In the simulation� these voltages are adjusted logarithmically by the pa�
rameter t� imposing t� � C��C

�
� � thus t � � � the quality factor Q of

the resonator is controlled by the currents IG� and IG� imposing the
pseudo�conductances G�� and G��� This modulation is performed to keep
the product G��G

�
� constant to a value G�� % �nA�V�� while the ratio

G���G
�
� % q� is adjusted by a parameter q� imposing thus q � Q� With

identical capacitor C % �pF in both pseudo�transcapacitors and indepen�
dently from the parameter q� the time constant � at t % � theoretically
equals CUT ��G

�
�V�
 % UT �pF��nA % ������s� corresponding to a �� kHz

characteristic frequency� similarly� for q % �� the quality factor Q theoret�
ically equals � independently from the parameter t�

Figure ���� shows the resonator input current iZ and its internal cur�
rents i� i� and i� representing the voltage across the resistor GBM � the
capacitor CBM and the super�capacitor SBM � respectively� in response to
the input pseudo�voltage steps v�Z�V�� for t % � and q % �� The dc value
at which these currents stabilise is di�erent from their theoretical predic�
tion �IZ % �� I % I� % I� % ��nA and i� % I� ' V �Z�V� % �� 
 ��nA
�
mainly because of the gain error in the mirrors copying I�� due to the
output conductance of their transistors� This shift of dc current values
is functionally not crucial� since the output variable of the equivalent se�
rial resonator is its current �emulating the basilar membrane acceleration

integrated over time �basilar membrane velocity
� thus a current propor�
tional to i�� whose dc component is meaningless� Therefore the current
o�set must just be small enough not to move the current level outside of
the operational range of the resonator circuit� For i� i� and i� this o�set is
thus not so important� However� the dc o�set IZoffs of the input current
iZ of all resonator Z��i
 in the bank will create a dc pseudo�voltage o�set
V �Zoffs on the distributed load consisting of the pseudo�resistive network
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emulating the cochlear liquid� The systematic o�set due to the output
conductances of the mirror would thus accumulate all along the resonator
bank and lead to local value of v�Z�i
 that might bring the resonator out
of its range of operation� However� the random o�set due to component
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Figure ����� Frequency response of the resonator for several values of time
constant t� � with a quality factor imposed with q � � �simulation results��

mismatch will accumulate to a lesser extent� since it is the variance of
these o�sets that accumulates �see paragraph �����
�

The frequency response �����
� �����
 and �����
 of the resonator was
veri�ed by taking the Fourier transform of the time derivative of the
corresponding step response of �gure ���� for several values of t and
q� Figure ���� shows the frequency response for several values of time
constant and a �xed quality factor set with q % �� The response ob�
tained from the positive step �v�Z�V� % ��� � ���
 and the negative step
�v�Z�V� % ��� � ���
 are superimposed to show the low sensitivity to
current level of the resonator time constant�

Figure ���� shows the same frequency response for several imposed
quality factors and a �xed time constant set with t % �� similarly to
�gure ����� the response to both positive and negative input steps are
superimposed to illustrate the insensitivity to the input dc level for the
relatively large time constant �� � For smaller time constants� however�
the sensitivity of the quality factor to the amplitude of the input level
increases� as illustrated in the curves t % � and t % � of �gure �����

Such a level sensitivity of the quality factor to the dc input pseudo�
voltage V �Z at relatively high characteristic frequency �	 �kHz
 prevents to
implement large quality factors� Even with a �xed dc pseudo�voltage at the
input of the full cochlear model �pseudo�resistive network and resonator
bank
� the local value of V �Z �i
 will vary with position i due to the dc o�set
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Figure ����� Frequency response of the resonator for several values of imposed
quality factor and a time constant set to �� �simulation results��

IZoffs�i
 of the current iZ�i
 on the loading pseudo�resistive network �see
paragraph �����
� The origin of this sensitivity must therefore be identi�ed�

����� Stability

The cause of this sensitivity of the quality factor to dc input voltage resides
in the feedback block of the resonator that may make it unstable� As shown
in �gure ����� the resonator is split into two parts� The forward block

Af �s
 %
I�s
 ' I��s
 ' I��s


I�s

%

s��� ' s��Q' �

s���
� �����


is made from the integrators C��G
�
� and C��G

�
� and the transistor T� of �g�

ures ���� and ����� It injects the current if % i' i� ' i� into the feedback
block Ab�s
� which consists of the current�to�pseudo�voltage converter T���
T�� and the current conveyor T��T��T
�T�� The feedback block outputs in
turn the current ib into the forward block� The forward block does not
need to be linearised since its current mode implementation makes it lin�
ear on the full operational current range� In the log�domain� the feedback
block consists ideally of the single pseudo�conductance G�� However� the
imperfections of the feedback block that can make the resonator unstable�
i�e� the parasitic gate capacitances and output conductances of its transis�
tors are not linear in the log�domain� The feedback block must therefore
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be linearised around its operating point� which is signal dependent� The
input voltage vZ may be converted into an equivalent input current gCvZ �
but the stability is analysed using the open loop gain Af �s
Ab�s
 with a
dc input voltage VZ � cancelling its small signal variations�

The linearised transfer function Ab�s
 of the feedback block was es�
timated by an AC simulation of the current�to�pseudo�voltage block and
the current conveyor alone� The input pseudo�voltage was set to a con�
stant value V �Z � the ac input current if was sinked from the input of the
current�to�pseudo�voltage converter and the resulting ac output current ib
was measured at the drain of transistor T�� In order to set the appropri�
ate operating point� a DC simulation was performed with the drain of T�
looped on the input of the current�to�pseudo�voltage converter �If % Ib at
dc
 before the AC analysis�

This process was performed for three dc input pseudo�voltages V �Z cor�
responding to a current input Iin % G�CV

�
Z set at ��nA� ��nA and ��nA�

according to the transient simulation performed in paragraph ������ This
simulation shows that in the frequency range of operation� the feedback
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Figure ����� Linearised resonator for stability analysis�
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block presents a �rst�order low�pass transfer function

Ab�s
 %
Ib�s


If �s

%

A

s�b ' �
� �����


whose dc gain A and cuto� frequency �����b vary between ��dB and ��dB
and between ���Hz and ���Hz� respectively� for a dc input pseudo�voltage
V �Z set by Iin varying between ��nA and ��nA ��gure ����b
�

The Nyquist diagrams of the open loop gain Ab�j�
Af �j�
 shown
in �gure ���� are drawn for varying resonator�s characteristic frequency
����� and quality factors Q� with a feedback block having a ���Hz cut�
o� frequency and a ��dB dc gain� they con�rm that the quality factor of
a resonator having a ��kHz characteristic frequency must be limited to
a maximal value of �� and vice versa� to ensure its stability �recall that
the Nyquist stability criterion states that the point ���� j�
 must be left
on the left when following a complex locus for increasing frequencies� i�e
toward the point ��� j�
 in the present diagram� since the open loop gain
has a low pass characteristic
�

This analysis shows that the maximal quality factor of the resonator
will be limited by the frequency response of its feedback block� Increasing
its dc gain or its cuto� frequency would allow higher quality factor at
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Figure ����� Nyquist diagram of the resonator open loop gain AbAf �j��� for
a� varying resonators� quality factor and b� characteristic frequency �CF�� the
frequency parameter � increases toward the point ��� j���
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higher characteristic frequency� This result� obtained from an AC analysis
of the linearised feedback circuit is in accordance with the one obtained
from the transient analysis�

����� Noise

Basilar membrane resonator

The e�ect of internal noise is analysed on the resonator circuit linearised
around its operating point� The operating point is set for a dc input
pseudo�voltage V �Z and a zero ac input signal� The linearised circuit is
therefore valid for small signal variations� which is assumed to be the case
of noise� As detailed in appendix A��� the noisy small�signal equivalent of
the basilar membrane resonator is a serial RCS resonator in which each
dipole

GBM % G� �����


CBM %
G

G�
C��� �����


SBM %
G

G�

C��C
�
�

G�
�����


features a parallel noise current source iNG� iNC and iNS having power
spectral densities

sIG % �G�kBTG� �����


sIC % �C�kBTG�� �����


sIS % �S�kBTG�� �����


respectively ��gure ����
� The values of the noise factors �G� �C and
�S depends on the dc values I� I� and I� of the currents i� i� and i� at
the operating point where the circuit is linearised� and on its bias cur�
rents and voltages� according to equations �A����
 to �A����
 given in
appendix A��� The values of the linearised conductances G� G� and G� as
well as the linearised input�referred capacitance C�� and C�� of the pseudo�
transcapacitors� are recalled in table ���� together with their log�domain
equivalents�
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vZ

iZ

GBM CBM SBM

iNG iNC iNS

Figure ����� noisy equivalent of the basilar membrane RCS resonator

Replacing the linearised conductances and capacitances by their log�
domain equivalents in the expression of the output noise voltage

vZ %
iZ ' iNG
GBM

'
iZ ' iNC
sCBM

'
iZ ' iNS
s�SBM

�����


yields
V �Z
UT

vZ % v�Z %
iZ ' iNG
G�BM

'
iZ ' iNC
sC�BM

'
iZ ' iNS
s�S�BM

� �����


where V �ZvZ�UT expresses the small�signal pseudo�voltage v�Z around a dc
pseudo�voltage V �Z as a function of the small�signal voltage vZ linearised
around a dc value VZ �

V �Z ' v�Z % V�e
�VZ�vZ
�UT % V�e

VZ�UT evZ�UT

linearised log�domain

G %
IF
UT

G� %
IF
V �Z

%
IG
V�

G� %
I�
UT

G�� %
IG�
V�

G� %
I�
UT

G�� %
IG�
V�

C�� %
I�
IG�

CeVsh��UT C�� %
CUT
V�

eVsh��UT

C�� %
I�
IG�

CeVsh��UT C�� %
CUT
V�

eVsh��UT

Table ���� Linearised and log�domain conductances and capacitances
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� V �Z



� '

vZ
UT

�
% V �Z ' V �Z

vZ
UT

� �����


�Note that for this equivalence� the voltages are de�ned positively from the
node to a reference� inversely to the de�nition ����
 of the pseudo�voltage
in PMOS transistors� this is required to be compatible with the voltage
de�nitions used for linearising the circuit around its operating point�


The output quantity of the resonator is the integral of the current
�owing through it� which models the integral of the basilar membrane
acceleration� thus the basilar membrane velocity� This quantity is avail�

able as the �pseudo�
voltage v
��

C across the �pseudo�
capacitor C

��

BM � The

�pseudo�
voltage noise v
��

NC that a�ects this output may be estimated in a

single RCS resonator having a dc �pseudo�
voltage V
��

Z using the equiva�

lent diagram of �gure ���� with both end connected together �small�signal
analysis
�

v
��

NC %

�

sC
��

BM

s���iNG ' �� ' s���
iNC ' iNS
s��� ' s��Q' �

� �����


where

�� %
S
��

BM

G
��

BM

� �����


Q� %
C
���

BM

G
��

BMS

��

BM

�����


are the same as de�ned by equations �����
 and �����
� respectively�
Using equations �����
 to �����
� the corresponding �pseudo�
voltage

noise power spectral density is thus given by

s
��

V C %

�kBT

C
���

BM

��

�
��GG' �CG�


���� j(

�� (� ' j(�Q

����
�

' ��CG� ' �SG�


���� ��j(

�� (� ' j(�Q

����
�
�
� �����


where ( % ��f� is the frequency normalised on the characteristic fre�
quency of the resonator� The corresponding voltage noise power is calcu�
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lated by integrating equation �����
 over frequency f � using x % (��

v
���

NC %

kBT

C
���

BM

�

�

�
���GG' �CG�


�Z
�

x���dx

x� '
�

�
Q� � �

�
x' �

' ��CG� ' �SG�


�Z
�

x����dx

x� '
�

�
Q� � �

�
x' �

�
� � �����


where both integrals converge to �Q� Hence� since equations �����
 and

�����
 yields �Q % C
��

BM�G

��

BM and since G

��

BM % G��
� the �pseudo�


voltage noise power on the �pseudo�
capacitor C
��

BM becomes simply

v
���

NC %

kBT

C
��

BM

�
�G

G

G��

' ��C

G�

G��

' �S

G�

G��


�
� �����


Dynamic range of a single resonator

The output dynamic range of a single resonator may be estimated by
expressing the variation &i� of the current i� around its dc value I�� This
variation corresponds to the pseudo�voltage v�C across the pseudo�capacitor
C�BM �

&i� % i� � I� % G�v�C � �����


The minimal amplitude &I�min of this variation &i�� assumed to be a
sine wave� must yield a pseudo�voltage power v��C that equals the pseudo�
voltage noise power v��NC �unity signal�noise ratio
� Therefore� using equa�
tion �����
 and the log�domain equivalent of equation �����
� this condition
imposes

&I��min
�G��

% v��NC %
kBT

C��

G��G

G��
�� �����


where

� % �G ' ��C
G�

G
' �S

G�

G
% �G ' ��C

I�
IF

' �S
I�
IF

� �����


The maximal current variation &Imax at the input of a pseudo�trans�
capacitor was shown in paragraph ����� to have an amplitude half its dc
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value� Since the current i� is copied at the input of the second pseudo�
transcapacitor C�� � a maximal amplitude &I�max % I��� is used to calcu�
late the dynamic range of the output current i�� which becomes� using the
equivalences listed in table ����

&I��max
&I��min

%
I�
IG�

eVsh��UT

��

I�
IF

CUT
qe

� �����


where qe % kBT�UT is the charge of an electron ����� 	 ����	As
�
In order to estimate its order of magnitude� this dynamic range is

calculated using equations �����
 and �A����
 to �A����
 in which I %
I� % IF % I��� % IshC��� % IshC��� % I�� IG�

% IG�� Vsh� % Vsh�� and
n % ���� yielding�

&I��max
&I��min

%
I�
IG�

eVsh��UT

��� ' ��� I�
IG�

eVsh��UT

CUT
qe

� �����


The term �IG��I�
 exp�Vsh��UT 
 corresponds to the internal dc pseudo�
voltage V �A�V� of the pseudo�transcapacitor C�� � as shown by equation
�A���
 in appendix A��� This term also corresponds to the inverse of the
pseudo�transcapacitor�s mirror gain� Its optimal value depends on the cur�
rent range over which the transcapacitor performs correctly� For a current
range spanning � decades� an internal pseudo�voltage V �A�V� set to �� at dc
ensures an optimal range of operation �paragraph �����
� Therefore� with
a capacitor C % ���pF �CUT �qe % ��� at room temperature
a dynamic
range of nearly ��dB can be obtained� This value is ��dB lower than the
theoretical input dynamic range of the voltage�mode second�order stage
cascade described in chapter � �paragraph ������ p� ��
� However within
this range the resonator is theoretically perfectly linear� Accepting some
distortion� the maximal amplitude of the signal variation can be increased
by up to a factor � �&Imax % I�� corresponding to ���$ modulation of
the signal around its dc value
� increasing the dynamic range by �dB�

The bandwidth and the power consumption of the resonator are related
to its dynamic range through the factor CUT �qe� The dynamic range is
increased with an increasing capacitance C� but in order to maintain the
same frequency response� the current level must be increased proportion�
ally� increasing thus power consumption proportionally to the dynamic
range�
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Resistive network

The noise is analysed similarly in the single transistors implementing the
pseudo�conductances in the resistive network� Since a zero�dc current
�ows through each resonator� the same apply in any pseudo�resistor of the
network� The transistors implementing them are thus in the conduction
mode instead of being saturated� and they are still in weak inversion�

The conduction mode can be seen as the superposition of a forward
and a reverse saturation mode �similarly to the Ebers and Moll model of
the bipolar transistor
� The channel current I is the di�erence between
the forward saturation current IF and the reverse saturation current IR�
For a PMOS transistor� it is expressed by

I % IF � IR % IGe
V��UT � IGe

V��UT � �����


where the voltage at the channel terminal V� and V� are de�ned positively
from terminal to a reference� and IG is the forward saturation current
when V� % � and �V� � �UT � The value of IG is controlled by the gate
voltage and it can be imposed using a diode�connected identical transistor
��gure ����a
� Linearising equation �����
 around V� % V� % �� thus for
IR % IF % IG� yields a small�signal channel current

i % gcF v� � gcRv� % gc�v� � v�
� �����


where gc % gcF % gcR % IG�UT is the linearised conductance of the
transistor ��gure ����b
�

gcR

gcF 1

0

a) b)

IG

I

V1 V2 v1 v2

iNF

iNR c)

v v2

V

* *

0*
IG

i

Gc
*

iN

i

Figure ����� a� Transistor in the conduction mode with its biasing transistor�
b� its small�signal and c� log�domain noisy equivalents�
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The current noise source in parallel with a transistor in the conduction
mode is thus given by summing the noise current sources iNF�R due to
its forward and reverse saturation current IF�R "��#� Since the forward
and reverse noise are not correlated� their power spectral densities sIF�R
add� resulting in a single current noise source iN having a power spectral
density

sI % sIF ' sIR % �qeIF ' �qeIR % �qeIG % �kBTgc� �����


When interpreted as pseudo�conductances ��gure ����c
� the biasing
transistor de�nes a pseudo�conductance

G�c %
IG
V�

%
i

v�� � v��
� �����


Expressing the voltage di�erence &v % v� � v� across the linearised tran�
sistor as a function of its currents�

&v %
i' iN
gc

%
i' iN
IG

UT %
i' iN
G�c

UT
V�

� �����


is thus equivalent to express the small�signal pseudo�voltage &v� % v���v��
around its pseudo�voltage V� at the operating point� according to equa�
tion �����
�

&v� %
V�
UT

&v %
i' iN
G�c

� �����


The equivalence between linearised quantities and their log�domain
correspondent yields a simple model of linear noisy resonator and network
resistors� This model is very convenient to analyse and�or simulate the full
cochlear model using only passive devices having a noise current source in
parallel�

����� Implementation of the full cochlea

Linear model

The major di�culty in analysing the full cochlear model resides in the
interactions between the basilar membrane resonators through the resistive
network modeling the liquid which surround them� Nevertheless� such
analysis might be facilitated thanks to the linear behaviour of the circuit
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in the log�domain� Moreover� the e�ect of the noise can reasonably be
assumed to be also linear� as shown in paragraph ������ This assumption
is valid provided that the noise current variation are small with respect
to the dc currents� which is the case in the class�A implementation of
the pseudo�transcapacitors� It was shown to be true also for the network
pseudo�resistors� despite the fact that a ��dc current �ows through them�

As a consequence� the analogue VLSI implementation in the log�domain
of the full cochlear model amounts to the analysis of the electrical model of
�gure ��� �p� ��
� The di�erence with the linear electrical model analysed
in section ��� and its electronic implementation resides in the imperfec�
tions of the electronic circuitry� The imperfections at the level of a single
resonator were analysed in the previous paragraphs� whereas this one fo�
cuses on their e�ect on the full bank of resonator loaded by the resistive
network� Since the e�ects of the major imperfections� i�e� noise and dc
current o�set are linear� their analysis may be carried out using the rich
battery of tools applying to linear systems�

Canonic resistance matrix

The resistive network can be transformed into a canonic matrix of con�
ductances Gk�l� each of them connecting a pair �k� l
 of nodes� restricted
to the cochlea input and the M resonator inputs� The admittance ma�

trix relative to these input nodes is obtained by injecting a current Ik at
each of these nodes and leaving the other ones �oating� The linear system
describing the entire network is arranged such that�

IA
�

�
%

�
GAA GAB

GBA GBB

� �
VA

VB

�
� �����


where IA % "Iin� I� 	 	 	 IM #T and VA % "Vin� V� 	 	 	 VM #T are the current
injected at the input nodes and their voltage� respectively� the vector
VB gather the voltages at the internal nodes of the resistive network� All
currents are de�ned positively when entering the network� The admittance
matrix expressing IA % GAVA is thus given by�

GA % GAA �GABG
��
BBGBA� �����


The conductance Gk�l linking a node pair �k� l
 is determined by imposing
a voltage Vk % V at node k� while grounding the other nodes �Vi��k %
�
� and determining the current Il getting out from node l� Since in
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such con�guration Il % �gAk�lV � the conductance Gk�l corresponds to the
element �gAk�l at column k and row l of the admittance matrix �GA�

Gk�l % �gAk�l� �����


Doing so� the element gAkk corresponds to the input admittance at node
k of the network with all other node grounded�

The matrices GAA� GAB � GBA and GBB needed to produce the matrix
GA can be generated automatically for a rectangular resistive network
similar to the one presented in �gure ��� �p� ��
� Figure ���� shows that
on such a L � H rectangular network quantised to M � N points� Gk�l

decreases exponentially with the distance between node k and node l �at
a rate of about half a decade per millimetre on a network quantising a
�� mm � � mm rectangular� homogeneous resistive sheet
� This means
that the resonators are only locally coupled by the resistive network� The
conductances Gk�l also decrease with increasing longitudinal resolutionM �
due to the fact that more of them are set in parallel to quantise a given
current path in the continuous resistive sheet�
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Figure ����� Equivalent network conductances Gk�l that links a� the input node
or b� the node k � �x���x� �� on the basilar membrane to nodes l � �x��x� ���
calculated from a M � N resistive network that quantises a �� mm � � mm
rectangular resistive sheet having an homogeneous sheet conductance Gs� the
nodes k � �i � ����M� j � �� are located on the bottom edge of the resistive sheet�
N � �� in all cases and the input voltage is applied on nodes �i � �� j � ������
on the left edge of the resistive sheet� similarly to �gure 
���
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E�ect of resonator current o�set

The admittance matrix GA may be used advantageously to estimate the
e�ect at any node k of the o�set current generated by every resonators�
A constant input voltage Vin is imposed at the input node� whereas a
dc o�set current source Ik is injected at each node k connected to the
resonators� The system of equation describing such a setting is expressed
by� �

Iin
Ibm

�
% GA

�
Vin
Vbm

�
%

�
gin gTin�bm

gbm�in Gbm

� �
Vin
Vbm

�
� �����


where the M�M sub�matrix Gbm relates the voltages Vbm % "V� 	 	 	VM #T

and currents Ibm % "I� 	 	 	 IM #T at the M resonator nodes when Vin % ��
This notation permits to express the voltages Vbm at the resonator nodes
as a function of the resonator currents Ibm and the input voltage Vin�

Vbm % G��bmIbm �G��bmgbm�inVin� �����


The mean voltage o�set �V k at each resonator node k can be estimated
using equation �����
 in which the currents Ik are replaced by their mean
value �Ik� Figure ����a shows this mean o�set voltage distribution along
the resonator bank with a constant �Ik % �I �k� It is represented as an
equivalent resistance R�k % �V k��I � normalised to the sheet conductance
Gs of the resistive sheet� The e�ect of the horizontal quantisation is clearly
visible� if the current injected by each resonator is independent from the
spatial resolution of the bank� it corresponds to a local current density
in the continuous case� Therefore� increasing the resolution results in in�
creasing proportionally the total current injected along a given section of
the basilar membrane edge of the resistive sheet� increasing thus the local
current density� Since the resistive sheet has a sheet conductivity Gs in�
dependent from spatial resolution� an increasing current density augments
proportionally the voltage o�set along the basilar membrane edge�

This e�ect is similar for the standard deviation �V k of this voltage
o�set as a function of the standard deviation �Ik of the resonator o�set
current� assumed uncorrelated� However� in this case the elements of the
matrix G��bm must be individually squared before replacing the voltages Vk
by ��V k and the currents Ik by ��Ik in using equation �����
� whose second
term of its right hand�side is cancelled due to the zero standard deviation
of the imposed input voltage Vin� The equivalent resistance R�k % �V k��I
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normalised on the sheet conductance Gs is shown in �gure ����b� where an
identical standard deviation �Ik % �I �k was assumed for all resonators�
As expected� the random component �I of the resonator o�set currents
has less e�ect than its systematic component �I on the resonator input
voltage�

Figure ����b shows that the maximal voltage o�set is reached at the
apex of the cochlea �x % L
� Simulations showed also that R� scales
proportionally with the aspect ratio L�H of the resistive sheet� however it
was shown to be independent from the size of the input contact and from
the vertical resolution N � The resistance R�max expressing the maximal
mean voltage o�set �at x % L
 normalised on mean current o�set injected
in the resistive network can thus be expressed by

R�max %
�Vmax
�I

� ���
L

H

M

Gs
� �����


The parameter �in�
 dependence was tested for values around L % �� mm�
H % � mm� M % �� and N % �� on a rectangular ��D duct whose input
contacted from ��$ to ��$ of its left edge �x % �� y % ���H 
 ���H
� it
might become invalid for parameters too far from these values� Note that
a cochlear duct modeled by a single row of M serial horizontal resistances
Rx % L�HGsM and having a constant o�set current �I injected between
each of them� results in a parabolic distribution of the o�set voltages
�V k � �IRx"M

� � �k �M
�#�� �for M � �
� in accordance with the one
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Figure ����� a� Mean and b� standard deviation of the voltage along the basilar
membrane due to current o
set generated by the resonators� for di
erent lon�
gitudinal resolution M � the o
set voltage are normalised on the o
set currents�
assumed having a constant mean and and standard deviation for all resonator�
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shown in �gure ����a� Its maximal value �Vmax at k % M yields R�max %
M�Rx�� % LM��HGs� which corresponds closely to equation �����
�

Similarly� the resistance R�max expressing the standard deviation of
this maximal voltage o�set normalised on the standard deviation of the
o�set currents may be approximated within the same range of parameters
by

R�max %
�Vmax
�I

� ���
L

H

p
M

Gs
� �����


The dependence from longitudinal resolution is due to the fact that the
current injected by each resonator is independent from resolution� and so
is the sheet resistance of the network� However� it was shown in chapter �
�paragraph ������ p� ��
 that the density of the liquid �modeled by the
sheet conductance Gs
 is related to the basilar membrane mass �modeled
by the resonator�s resistance GBM 
 such that the characteristic height Hc

de�ned by equation �����
 should equal ���� mm� Using the de�nitions of
the network resistance listed in tables ��� �p� ��
 and ��� �p� ��
� the sheet
conductance Gs� or equivalently the horizontal and vertical conductances
Gx % Gs&y�&x and Gy % Gs&x�&y� can be expressed as a function of
the resonator conductance GBM �

Gs % Gx
L

H

N

M
% Gy

H

L

M

N
%

HcGBM

&x
%

Hc

L
MGBM � �����


yielding together with equation �����
 and �����
�

R�max % ���
L�

H�

H

Hc

�

GBM
� �����


R�max % ���
L�

H�

H

Hc

�p
MGBM

� �����


which equals ����GBM and ����
p
MGBM � respectively� for the ideal char�

acteristic height Hc % ���� mm on a rectangular �� mm � � mm cochlear
duct� Quantising such a cochlear duct by M % ��� horizontal points
and N % �� vertical point� the vertical and horizontal conductances
of the network become� using equation �����
� Gx % ����� 	 GBM and
Gy % ��� 	 GBM � Their corresponding pseudo�conductances G�x and G�y
are advantageously implemented using transistor controlled by the same
gate voltage as the pseudo�conductances GBM � thus by the control current
IG de�ning G�BM % G� % IG�V� �see paragraph �����
� Since the ratios
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between these conductances is imposed by the parameters L� H � M � and
N that are determined by the layout of the circuit� they can be imposed by
the aspect ratio of the corresponding transistors without loosing functional
�exibility� Doing so� the maximal systematic and random pseudo�voltage
o�sets are imposed by

��V max
V�

% ���
L�

H�

H

Hc

�I
IG

� �����


��V max
V�

% ���
L�

H�

H

Hc

�p
M

�I
IG

� �����


Considering the �� mm � � mm cochlear duct quantised by M % ���
horizontal point� a characteristic height Hc %���� mm� a systematic cur�
rent o�set �I % ��$I� �as shown by simulation of paragraph �����
 and a
random o�set �I % ��$I�� the maximal systematic and random pseudo�
voltage o�set become ��V max�V� % ���I��IG and ��V max�V� % �I��IG�

Interestingly� the e�ect of the systematic current o�sets generated by
the resonators on their input pseudo�voltage when loaded by the pseudo�
resistive network does not depend on the horizontal resolution� More�
over� the e�ect of random current o�sets decreases with the square root of
the horizontal resolution� It should be noted however that increasing the
number of resonator toward in�nity would not reduce the random pseudo�
voltage o�set to zero� because it would also require resonator areas that
tend to zero in order to implement the circuit in a �nite area� In this
case� the random current pseudo�voltage �I cannot anymore be assumed
independent from the longitudinal resolution�

Both systematic and random pseudo�voltage o�sets are proportional
to the square aspect ratio L��H� of a rectangular cochlear duct and to
its absolute height H � Increasing H reduces quadratically the voltage
o�set� and since a minor e�ect of the cochlear duct height was shown by
simulation �paragraph ������ p� ��
� one can expect to use this parameter
for reducing the o�set voltage� However� the e�ect of the duct height on
the voltage o�set as well as on the frequency behaviour of the cochlea was
shown for duct heigh varying by ��� to � times its nominal value� Major
improvement using this parameter should thus be considered with caution�

The last option resides of course in a careful design of the resonator that
minimises its dc current o�set and�or that is tolerant to large variations
of its dc input pseudo�voltage� The latter is however mainly determined
by the implementation of the exponential decrease of the characteristic
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frequency along the resonator bank�

Range of operation

The variation of the resonator input pseudo�voltage is constrained by
the variation range of the internal pseudo�voltage v�A�V� of its pseudo�
transcapacitors� This internal pseudo�voltage was shown by equation �����

�p� ���
 to be limited between ��� and half the current ratio Imax�Imin be�
tween strong inversion and leakage limits� The dc pseudo�voltage V �Z at the
input of the resonator being imposed at the output of its second pseudo�
transcapacitor �modeling the super�capacitor
� it results on an internal
dc pseudo�voltage V �A� % V �Z exp"Vsh��UT #� where the exponential factor
determines the pseudo�capacitance C�� � according to equations ����
 and
����
� respectively �p� ���
� This pseudo�capacitance C�� models the basi�
lar membrane compliance� that increases exponentially toward the apex of
the cochlea� The variation of C�� must thus span twice the frequency range
of the cochlea� both being expressed logarithmically in decades as shown
in �gure ����a� As a consequence� the ratio V �Amax�V

�
Amin of pseudo�

transcapacitor�s internal pseudo�voltage limits must be larger than the
square ratio fc��


��fc�L

� of the highest and lowest characteristic fre�

quency of the resonators along the cochlea� An additional lower limits
V �Zmin is directly imposed on the resonators� pseudo�voltage input� that
must ensure a feedback current iFmin % v�ZminG

� large enough to main�
tain saturated the transistor implementing G� �see paragraph �����
�
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on the cochlea must therefore be adjusted such that it ensures the maximal
variation &V �Z of the resonator input pseudo�voltage to not trespass the
limits V �Zmax�x
 and V �Zmin�x
 all along the cochlea� taking into account
the e�ect of the systematic and random o�set voltage as illustrated in
�gure ����b� It appears clearly that the range of operation will be imposed
mainly by the characteristic frequency range of the cochlea that is to be
modeled and by the current range available between leakage and strong
inversion limits of the pseudo�transcapacitors�

��� Summary

Linear spatio�temporal systems can be emulated by VLSI electronic cir�
cuits working in the log�domain� The linear relationship between voltages
and currents of linear electrical circuits remains unaltered as long as log�
arithmically compressed voltages� called pseudo�voltages� are considered
instead of voltages� In this scheme� a pseudo�conductance can be imple�
mented using a single MOS transistor� whereas a basic circuit� the pseudo�
transcapacitor permits to implement various reactive components working
linearly in the log�domain�

The pseudo�capacitance of the pseudo�transcapacitor circuit can be
controlled exponentially by a voltage that might theoretically set it to
very large values� In practice it will however be limited by leakage cur�
rents� whose e�ect is similar to a parasitic parallel pseudo�conductance�
According to the polarity of the leakage� this pseudo�conductance may
even be negative� Nevertheless� provided that the leakage currents are
small� large time constants can be implemented without the need of using
just�above�leakage currents to carry the signal in the entire circuit�

The pseudo�transcapacitor circuit has a di�erential input current but a
single pseudo�voltage output� Di�erential pseudo�voltage output might be
possible using two pseudo�transcapacitors� Alternatively� a single pseudo�
voltage might control pseudo�conductances of opposite type to generate
di�erential output current in larger systems� In order to build compact cir�
cuits� however� a class�A implementation was proposed� in which the signal
vary around a dc current set at mid�operating range� In this scheme� the
pseudo�transcapacitor circuit was shown to be perfectly linear for signal
varying by ���$ of the dc carrier� The output pseudo�voltage dynamic
range was shown to equal the current dynamic range between leakage and
strong inversion limit�
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The ��D cochlear model is advantageously emulated in the log�domain
because each pseudo�conductance of the large network modeling the liquid
can be implemented using a single transistor� whereas the basilar mem�
brane is implemented by a ��D bank of serial resonators� each of them
made from � pseudo�transcapacitors� In addition to its compact imple�
mentation� the advantage of the circuit is that it performs linearly within
a large current swing and under low supply voltage�

Each resonator is made equivalent to a serial resistor�capacitor� super�
capacitor! circuit� Since the log�domain equivalent of these dipoles are
pseudo�grounded� the sum of the pseudo�voltages across them is performed
by converting these voltages into currents� summing them and transform�
ing them back into a pseudo�voltage that is fed back at the input of the
resonator� This feedback loop is susceptible to bring the circuit into in�
stability if the resonator dipoles have values that implement large quality
factors or high characteristic frequencies� The feedback block must be
designed such that the open loop gain including the resonator dipoles en�
sures a su�cient gain margin on the full range of characteristic frequency
and quality factor required to faithfully model the cochlea� Moreover� this
requirement must be ful�lled within the full variation range of operating
point� that vary along the cochlea due to resonators o�set currents injected
in the pseudo�resistive network�

For a given network sheet pseudo�resistance� the o�set pseudo�voltage
at the resonator input normalised to its o�set current was shown to be
proportional to the spatial resolution of the resonator bank modeling the
continuous basilar membrane and to the equivalent longitudinal pseudo�
resistance of the network �between base and apex
� However� for a given
resonator pseudo�resistance �that scales with its o�set current
� the model
requires a network sheet pseudo�resistance that is inversely proportional
to this longitudinal resolution� resulting in a pseudo�voltage o�set that de�
pends only on the longitudinal pseudo�resistance of the network� indepen�
dently from its spatial quantisation� Moreover� the pseudo�voltage o�set
due to random variations of the resonator current o�set even decreases
with the square root of the longitudinal resolution�

The noise generated by the log�domain components was analysed in
order to estimate the dynamic range that may be expected from the elec�
tronic implementation of the ��D cochlear model� At the level of a single
pseudo�transcapacitor� the output noise power cannot be integrated on the
full frequency range due to the pure integration performed by the circuit
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and to the noise source in its output follower� As for the resonator� a sim�
ple linear noise model was proposed that consists of a white noise current
source in parallel with each of its log�domain components� The output dy�
namic range of the pseudo�voltage across the resonator�s pseudo�capacitor
was estimated to about ��dB on a single resonator�

Each network pseudo�conductance is itself noisy� The e�ect of all noise
sources in the resistive network and the resonator bank is not straight�
forward to estimate analytically� Thanks to the linearity of the system�
this analysis might be simpli�ed using an equivalent network of pseudo�
resistance� each of them linking a pair of resonators or a resonator with the
network input node� This pseudo�resistance was shown to present a fast
exponential increase with the distance between resonators� This means
that a reduced number of resonators are e�ectively coupled� facilitating so
the estimation of their performance�

Finally it must be pointed out that the cochlear model to be emulated
has characteristic frequencies that spans several decades� This parameter
is supported by the exponentially varying sti�ness of the basilar mem�
brane� that must span twice this range� expressed logarithmically� Its
electronic implementation should therefore be able to support such a vari�
ation� which is determined by the available current range within which the
pseudo�transcapacitors function correctly �if the integrated capacitor are
identical for all resonators
� Such current range is restricted between the
level of leakage current and the limit of strong inversion of the transistors
beyond which the log�domain is left�
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��� Original results

Two analogue VLSI cochlear models were investigated in this thesis� The
�rst one focuses on an e�erent gain control system added to an existing
analogue VLSI cochlear model� The original contribution of the present
work resides in the proposed architecture rather than in its physical imple�
mentation� except for the circuits developed for the gain control block� A
working chip proved the validity of the gain control mechanism proposed
in this thesis�

As for the second model� an original low�power analogue VLSI circuit
was proposed to e�ciently emulate the ��D hydrodynamics of the cochlea�
The novelty brought by this work thus mainly concerns implementation as�
pects� Speci�cally� a framework was proposed to implement linear spatio�
temporal processing in the log�domain� Such implementations exploit the
exponential relationship between the voltage at the channel terminals of
the transistor in weak inversion and its channel current�

This chapter summarises and discusses the results obtained from this
research and suggests further exploration as well as potential applications�

��� Cochlear models

����� Active cochlea

The active cochlea proposed in chapter � is based on the well�known �lter
cascade proposed by Lyon and Mead "��#� The novelty proposed in the
present work resides in a simple scheme for controlling the transduction
gain of the cochlea between acoustical pressure and its neural representa�
tion on the auditory nerve�

This control loop postulates e�erences originating from higher levels of
neural processing in the biological cochlea� The simplest form of such a
processing is hypothesised to yield a spatial distribution of mean spiking
rate coding tonotopically the envelopes of the input signal in the di�erent
frequency band �ltered by the cochlea� This simple  high�level neural pro�
cessing! already permits to reproduce the sound level compression� tran�
sient enhancement and two�tone suppression measured in live cochleae�

This gain control is performed by modulating the quality factor of the
individual �lters� modeling the e�ect of the cochlea�s outer hair cells� It
is frequency�selective� as a consequence of its local action on a tonotopic
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architecture that maps the frequency components of the signal and the
position along the cascade� The tonotopic gain distribution along the
cochlear �lter cascade is opportunistically exploited to e�ciently distribute
the gain control signal back to its �lters� so that a single low�pass �lter
and quality factor control block is required per stage� Such a control
mechanism also reproduces the increased frequency selectivity at low input
level�

However� the model�s frequency selectivity is far from that achieved by
real cochleae� This is an unfortunate intrinsic side�e�ect of the pseudo�
resonance implemented by the cascade model� that permits high accumu�
lated gains despite the low individual quality factor of its stages� Another
drawback of the cascade structure is that the delay and the accumulated
gain for a given individual quality factor increase with spatial resolution�
similarly� the frequency selectivity for a given accumulated gain diminishes
with resolution� A minimum resolution is however imposed by the need of
overlapping the bumps of the individual �lter�s frequency response�

Nevertheless� computer simulations of the model showed that a fre�
quency selective level compression from an �� dB input dynamic range to
a �� dB output dynamic range featuring e�cient transient enhancement�
could be achieved using this simple and biologically plausible e�erent gain
control mechanism�

����� ��D hydrodynamic model

The second cochlear model analysed in chapter � was inspired by the model
proposed by Watts in ���� "��#� In this approach the hydrodynamics of a
��D description of the cochlea are emulated by a network of linear electrical
dipoles� Although not analysed in this approach� the quality factor control
loop developed for the cascade model is likely to apply similarly to this
model�

The performance of the model was thoroughly analysed using electrical
simulations of the network of linear dipoles� These simulations showed that
the steep frequency cuto� of about ��� dB per octave measured in the live
cochlea could be reproduced� but that basilar membrane resonators having
a quality factor of about �� are required� Implementing such a high quality
factor into an analogue VLSI circuit is however somewhat challenging�

Much e�ort was devoted to mapping the electrical parameters of the
model with realistic physical quantities of the biological cochlea� This anal�
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ysis showed that simpli�cation of the ��D hydrodynamics of the cochlea
can be properly mapped onto a ��D description if the equivalent width
of the cochlea �dropped in the dimension reduction
 is made smaller than
the physical basilar membrane width� in order to take into account �uid
movement in the missing dimension�

��� VLSI implementations

����� Filter cascade with automatic gain control

The implementation of the �lter cascade itself is almost identical to the
voltage�mode implementation proposed in previous work "��� ��#� An im�
provement was brought in an early model by biasing the �lters using com�
patible bipolar transistors "��#� The novelty of the design proposed in this
thesis consists of embedding these bipolar transistors within a translinear
loop to control the �lter quality factors� In this way� the quality factor con�
trol block can be implemented using just two additional bipolar transistors
per �lter�

A careful analysis of the e�ect of internal noise showed that the noise
accumulates along the cascade at the same rate as the gain� cancelling
the advantage of high accumulated gains� Moreover� in the automatic
gain control scheme the accumulated noise reduces the gain of the cascade
even in absence of input signal� when the gain must be maximal�

Chip measurements con�rmed the feasibility of the proposed automatic
gain control mechanism� but the resulting level compression was less im�
pressive than the one theoretically expected and obtained from the com�
puter model� This is mainly due to the accumulated noise and to the
need for setting reduced individual quality factors� The nominal quality
factor must be reduced in order to prevent its variations due to compo�
nent mismatch along the cascade to cause local ringing� E�cient transient
enhancement of speech signals was also di�cult to obtain from the chip�
The reason for this is the di�culty in creating time constants large enough
to �lter the slow variations of the speech signal envelope using limited�size
integrated capacitors and above�leakage currents�

The fundamental handicap of the cascade model� as of any cascade
structure� is that the performance of the entire system is very sensitive to
the weakness of its individual components� If a single stage is defective�
the rest of the cascade does not work anymore�
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����� Log�domain spatio�temporal processing

To avoid the shortcomings inherent to the VLSI implementation of a cas�
cade structure� the ��D model approach was proposed to emulate the
cochlear hydrodynamics in a more collective fashion� thus with a reduced
sensitivity to the imperfections of individual components�

The large resistor network that emulates the cochlear liquid is im�
plemented using pseudo�conductances� each of which consists of a sin�
gle transistor� Pseudo�conductances are equivalent to a linear dissipa�
tive component in the log�domain� The reactive components needed to
model the basilar membrane are based on an original circuit� the pseudo�
transcapacitor� which is linear in the log�domain and fully compatible with
the pseudo�conductances�

The pseudo�transcapacitor circuit� as well as the pseudo�conductance
on which it is based� exploits the exponential control of the transistor
current by its source�drain instead of its gate�bulk� This permits to
express logarithmically compressed voltages as pseudo�voltages that are
linear with respect to currents� The consequence is that the exponen�
tial relationship between voltage and pseudo�voltage is neither a�ected by
the slope factor nor by the threshold voltage of the transistor� making
it compatible with bipolar log�domain implementations� However� this
eliminates one of the most interesting advantage of current mode imple�
mentation� i�e� the absence of noise at zero�signal� This property does not
apply to pseudo�conductance crossed by a zero�current� because it is even
twice as noisy as it would be if crossed by a current that saturates the
transistor used to implement it�

In the proposed design� the pseudo�transcapacitors work in class A�
The signal is carried by current variations around a non�zero dc value� The
noise at zero�signal can be estimated by linearising the circuit around its
dc operating point� The internal noise of the basilar membrane resonators
can be modeled by adding a white�noise current source in parallel with
each of its log�domain components� Since the same apply to the pseudo�
conductances of the pseudo�resistive network� the noise performance of
the entire circuit can be analysed or simulated within the framework of
linear systems� The dynamic range of a single basilar membrane resonator
output �between noise �oor and full operating range
 was shown to reach
about ��dB for resonator input pseudo�voltages within its appropriate
operation range�

Interestingly� the pseudo�voltage o�set resulting from the dc o�set cur�
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rent injected by the resonators into the pseudo�resistive network does not
depend on the number of resonators� This is due to the required scal�
ing between the resonator pseudo�conductance per unit basilar membrane
length and the sheet pseudo�conductance of the pseudo�resistive network�
increasing the number of resonators having a given pseudo�conductance
increases the total current o�set� but it also requires to proportionally
decrease the network sheet resistance� The e�ect of random o�set vari�
ations �that can be important in weak inversion implementations
 even
diminishes with spatial resolution� This illustrates the positive e�ect of
the collective behaviour of a large number of processing units�

Theoretically� the pseudo�capacitances can be set to very large values
to implement large time constants� but in practice their performance will
be limited by leakage currents� However� the current carrying the signal
can be much larger than the leakage current� A circuit implementing large
time constants need to be designed only very locally for very low signal
current�

The resonator quality factor is limited by the performance of its feed�
back loop� which must ensure a gain margin large enough over the full
range of characteristic frequencies and quality factors �up to ���
 required
for the ideal resonators� It is expected� however� that the risk that an
individual resonator becomes unstable due to random performance vari�
ation of its feedback loop is likely to be reduced by the coupling with
neighbouring resonators through the resistive network�

The design of the electronic model is facilitated if spatially varying
characteristics depend on few parameters� preferably electrical rather than
geometrical for the sake of �exibility� In the proposed log�domain imple�
mentation� the characteristic frequency �which spans nearly three decades
in the biological cochlea
� is controlled by a single pseudo�capacitance�
which should therefore span � decades to cover the same range� Although
this pseudo�capacitance can be controlled exponentially by a linear volt�
age tilt� it was shown that the dynamic pseudo�voltage range at the out�
put of the pseudo�capacitor is equal to the dynamic range of the pseudo�
capacitance it implements� However� the pseudo�voltage dynamic range
corresponds to the available current dynamic range between leakage and
strong inversion limits� which hardly spans more than � decades�
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����� Analogue VLSI vs� biology

The drawback of both implementations� which is common to all analogue
continuous�time VLSI circuit� resides in the di�culty of implementing
very�large time constant� high quality factors� and parameters that vary
over several decades while allowing large signal dynamic range within the
full range of parameters� How does the biological cochlea do it so well���,

As for the large time constants and quality factors� the reason lies in
inherent di�erences between the substrates� Physiological and biomechan�
ical processing are much slower than their electronic counterpart due to
the large mechanical and electrochemical time constants� Biomechanical
passive spring�mass resonators can have high quality factors at low losses�
they are sure to be stable since the losses stay positive� In analogue VLSI�
the necessity to use active feedback circuitry to implement resonators ex�
cludes large quality factors� the inherent mismatches that deteriorate this
feedback loop might bring the system into instability� In fact� it has been
shown that in the biological cochlea active feedback brings it occasionally
into instability� It is surmised that the components of its active feedback
loop are �nely tuned during the morphogenesis�

The design of an electronic circuit having spatially varying character�
istics is simpli�ed if it can be implemented on a regular structure� whose
local characteristics are controlled by a small number of electrical param�
eters� On the contrary� the morphogenesis of a live system allows it to
locally tune many of its parameters in order to make it function properly
on a wide range of characteristics�

As for the very large signal dynamic range� mechanical processes are
submitted to the same constraint of thermal noise as electronic circuits�
It is probable that higher levels of neural processing deal with signals
drowned out by noise� which would extent the e�ective dynamic range by
tolerating signal�noise ratios lower than unity�

It is often argued that since both biological structure and analogue
electronics share the same imperfections �low precision� nonlinearity and
noise
� the latter is an ideal medium to emulate the former� Several objec�
tions to this belief emerged during this research� First� biological elements
are not imprecise� because they are tuned by morphogenesis� learning and
short�time adaptation to ideally ful�ll their task� As for nonlinearities� the
nonlinear behaviour of perceptive sensors is not necessarily caused by the
nonlinearities of its processing elements� This is true for the cochlea� whose
compressive nonlinearity is mainly performed by controlling the damping
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of linear �lters�
The design of a faithful model of the cochlea therefore requires building

blocks that are linear over a large signal range� which is still challenging
for low�power continuous�time analogue VLSI circuits� The log�domain
design proposed in this thesis is a promising attempt to reach this goal�

Analogue VLSI is perhaps not the ideal medium to faithfully model the
cochlea� However� trying to understand the cochlea using analogue VLSI
implementations appears to be a rich source of inspiration for developing
novel engineering techniques for low power analogue VLSI circuits� As an
example drawn from this work� the frequency behaviour of the cochlea was
shown to rely on two�dimensional movements of the cochlear liquids� This
suggests novel temporal �ltering techniques that exploits both temporal
and spatial processing� and are performed collectively by a large number
of elements�

On the other hand� in applications where an e�cient� continuous� and
real�time� low�power and low�voltage emulation of the cochlea is needed�
analogue VLSI is still the ideal candidate�

��� Future work and applications

Modeling an active cochlea was prompted by problems encountered in de�
veloping a system that exploits cochlear delay to perform continuous�time
predictive �ltering of speech signal for recognition "�� �#� It was expected
that an active cochlea that could perform enhancement of transients could
segment the speech signal e�ciently into relevant stationary portions of
speech� This approach� left on standby in order to develop the cochlear
models� remains to be pursued�

The development of the log�domain implementation was undertaken
too late in this research to integrate and measure a chip� Instead� a careful
analysis of the proposed design has shown its feasibility� while relentlessly
tracking its potential problems and limitations� The next immediate step
is therefore to integrate a pseudo�transcapacitor in order to measure its
performance� The same applies to the log�domain ��D model of the cochlea
or at least a reduced part of it� The possibility to improve the log�domain
��D cochlea with an e�erent gain control mechanism may be envisaged in
a next version�

More elaborate spatial processing can be performed in the feedback
loop that models higher levels of neural processing in the e�erent control
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mechanism� As an example� lateral inhibition performed in the feedback
block might yield improved spectral selectivity� Such structure would be
similar to the neural  second �lter! postulated to explain the sharp tuning
measured on the auditory nerve before the discovery of the role of the outer
hair cells� The e�ect of such neural �ltering would be measurable at the
level of basilar membrane vibrations� since it is included in the gain control
loop�

Similarly� the potential of spatio�temporal processing for temporal �l�
tering� as performed by the cochlear hydrodynamics� can be analysed fur�
ther� in a more general approach� Such spatio�temporal processing is a
good application for analogue VLSI log�domain implementation� in which
the concepts of pseudo�conductances in weak inversion and log�domain
�lters are uni�ed in a common  pseudo�linear! framework�

As for applications� the main advantages of analogue VLSI cochlear
models� mentioned all along this thesis� makes them the ideal candi�
dates for any auditory�like processing system that requires real�time� low
power consumption and small volume� Applications that come directly to
mind are single�chip models of larger portions of the auditory pathway�
sound�speech preprocessing for portable systems dedicated to classi�ca�
tion�recognition� hearing aids and cochlear implants�
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A�� Noise accumulated in the cochlear 	lter

cascade

According to the diagram of a noisy �lter stage in �gure A��� the transfer
functions between the voltages vN��� vN�� and vNQ generated by the in�
put noise resistances RN� and RNQ of the OTAs gm� and gmQ� and the
voltages vy and vQ are given by�
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where H�s
 % ���s���' s��Q'�
 is the transfer function of the cochlear
�lter having a time constant � % C��gm� and a quality factor Q % � �
gmQ�gm� �

The power spectral density �psd
 sy of the noise at the output vy of a
single stage is given by the sum of the noise psd sN % �kBTRN generated
by each of its noise resistance RN and multiplied by the power transfer
function between the noise resistance and this output� which results in

sy % kH�s
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Using the noise resistances as de�ned in section ������ the noise psd
they generate is split into a thermal component
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where fc % ����� is the cuto� frequency of the �lter� and a �icker com�
ponent
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Since s� % j�� % jf�fc� introducing equations �A��
 to �A���
 into
equation �A��
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is the �icker component normalised to kBT�CF � The factors
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group the noise factors of the OTAs and depend on the quality factor of
the �lter�

The thermal component sT �k� d
 and the �icker component sF �k� d
 of
the noise psd at the di�erentiated output vD�k
 of a stage k due to the
internal noise of a stage k� d is obtained by multiplying the output noise
psd sy of the stage k�d by the power transfer function
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and exploiting the exponential decrease of the cuto� frequencies along the
cascade expressed by fc�k
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' �F�
���d�b

fc�k


�

�

kY
l�k�d

kHl�(
k� (
� �A���


whereHl�(
 is de�ned by equation �����
 in section ������ The correspond�
ing thermal and �icker noise powers V �

T �k� d
 and V �
F �k� d
 are calculated

by integrating equations �A���
 and �A���
 over frequency f % fc�k
(�

V �
T �k� d


kBT�C�
% *T �Q
��d�b

�

�

Z �

�

kY
l�k�d

(� kHl�(
k� d(

' �T��
�
d�b �

�

Z �

�

kY
l�k�d

(� kHl�(
k� d(�

�A���


V �
F �k� d


kBT�CF
% *F �Q


�

�

Z �

�

kY
l�k�d

( kHl�(
k� d(

' �F��
��d�b �

�

Z �

�

kY
l�k�d

(
 kHl�(
k� d(�

�A���


Equations �A���
 and �A���
 do not apply for d % � because the di�er�
entiator Dk�s
 is embedded in the �lter of the stage k� The noise power
at the di�erentiated output vD of a stage caused by its own internal noise
must be calculated separately� starting from equations �A��
 to �A��
 to
calculate the noise psd at the output vD % vQ � vy� Since the internal
noise sources are not correlated� the output noise psds sy and sQ add�
With sy given by equation �A��
 and sQ calculated similarly�

sQ % kH�s
k�
h
sN�� k� ' s�k� ' sN�� k��Q� �k�

'sNQ k�� ' s�
��� ��Q
k�
i
�

�A���


the noise psd at the di�erentiated output vD becomes

sD % kH�s
k�
h
sN���� ' k� ' s�k�

'sN���k��Q� � ' s�k� ' k��Q� �k�

'sNQ�� ' k� ' s�k�
 k�� ��Qk�

i
�
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�A���


Separating again sD into a thermal component sTD and a �icker com�
ponents sFD using equation �A��
 to �A���
 and using the normalised
frequency ( % f�fc�k
 results in

sTD
kBT�C�

% *TD��Q

�

�

�

fc�k

kH�(
k�

' *TD��Q

�

�

�

fc�k

(� kH�(
k� � �A���


sFD
kBT�CF

% *FD��Q

�

�

�

(fc�k

kH�(
k�

' *FD��Q

�

�

(

fc�k

kH�(
k� � �A���


where

*TD��Q
 % �T�

h
� ' ���Q� �


�
' ���Q� �


�
i

' ��TQ ��� ��Q
 � �A���


*TD��Q
 % ��T� ' �TQ ��� ��Q
 � �A���


*FD��Q
 % �T�

h
� ' ���Q� �


�
' ���Q� �


�
i

' ��TQ ��� ��Q

�
� �A���


*FD��Q
 % ��T� ' �TQ ��� ��Q

�
� �A���


Finally� the thermal and �icker noise power V �
TD and V �

FD at the di�er�
entiated output vD of each stage due to its own internal noise sources is
obtained by integrating sTD and sFD over frequency f % (fc�

V �
TD

kBT�C�
% *TD��Q


�

�

Z �

�

kH�(
k� d(

' *TD��Q

�

�

Z �

�

(� kH�(
k� d(� �A���


V �
FD

kBT�CF
% *FD��Q


�

�

Z �

�

kH�(
k�
(

d(

' *FD��Q

�

�

Z �

�

( kH�(
k� d(� �A���
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Because kH�(
k� is a second�order low�pass function� both integrals in
equations �A���
� �A���
 and �A���
� as well as the integral of the second
term of equation �A���
 converge� However� due to its ��( factor� the
integral of the �rst term of equation �A���
 diverges if integrated from
( % � � This integral can be approximated by replacing its lower limit by
(�� With (� small enough to assume kH�(�
k� % �� this approximation

can be compensated by adding
R ��

��
d(�( % ln�(i�(�
� where (� can

be as small as required by the accuracy of the approximation� which is
practically determined by the observation window used for measuring the
noise�

A�� Finite di
erence approximation of the

Laplace equation implemented with a

resistive network

The two�dimensional Laplacian of a function V �x� y
 is given by

&V �x� y
 %

�V �x� y



x�
'

�V �x� y



y�
� �A���


The �nite di�erence approximation of the Laplacian is obtained by locally
approximating the function V �x� y
 with a second�order function +V �x� y
�

+V �x� y
 % axx
� ' ayy

� ' axyxy ' bxx' byy ' c� �A���


The function +V is sampled spatially at coordinate x % i&x and y % j&y�
which yields the values Vi�j � Vi���j � Vi���j � Vi�j��� and Vi�j�� at the sampled
position �i&x� j&y
 and its four neighbours� Expressing these �ve values
using equation �A���
 allows one to extract

�ax %
Vi���j ' Vi���j � �Vi�j

&�
x

� �A���


�ay %
Vi�j�� ' Vi�j�� � �Vi�j

&�
y

� �A���


The Laplacian of +V is thus approximated by

&+V �i&x� j&y
 % �ax ' �ay % �A���


%
Vi���j ' Vi���j � �Vi�j

&�
x

'
Vi�j�� ' Vi�j�� � �Vi�j

&�
y

�
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Similarly� the gradient of the function V �x� y
 is approximated by

grad +V �i&x� j&y
 %

�
� �V �x�y

�x

� �V �x�y

�y

�
%

�
�axi&x ' axyj&y ' bx
�ayj&y ' axyi&x ' by

�
�

�A���

where both components may also be expressed using the values of +V at
position �i&x� j&y
 and its neighbours�

�axi&x ' axyj&y ' bx %
Vi�j � Vi���j ' ax&

�
x

&x
� �A���


�ayj&y ' axyi&x ' by %
Vi�j � Vi�j�� ' ay&

�
y

&y
� �A���


thus yielding� using equations �A���
 and �A���


grad +V �i&x� j&y
 %

�
��

Vi���j � Vi���j
�&x

Vi�j�� � Vi�j��
�&y

�
�� � �A���


To solve the Laplace equation &+V % �� boundary conditions are re�
quired� For simpli�cation we will consider only boundaries �xb� yb
 super�
imposed on the grid� i�e� de�ned by �xb % i&x� yb % N&y
 for a boundary
parallel to the x�axis at yb % N&y and by �xb % M&x� yb % j&y
 for a
boundary parallel to the y�axis at xb % M&x� The boundary conditions
may be expressed by imposing the value Vib�jb of the function +V at po�
sitions �ib&x� jb&y
 sampled on the boundary �xb� yb
� Alternatively� the

gradient of the function +V perpendicular to the boundary may be imposed�
The component 
xVM�jex of grad +V is imposed at position �M&x� j&y

on a boundary parallel to the y�axis� Similarly� the component 
yVi�Ney
of grad +V is imposed at position �&x� N&y
 on a boundary parallel to the
x�axis� The unit vectors ey and ex are de�ned positively when pointing
outside the boundary and the notations 
x�y represent the partial di�er�
entiation operators 
�
x� y� The gradient expressed by equations �A���
�
�A���
 and �A���
 allows one to calculate the parameters ax at a boundary
position �M&x� j&y
�

ax %

xVM�j&x ' VM���j � VM�j

&�
x

� �A���




A��� FINITE DIFFERENCE APPROXIMATION ���

and ay at a boundary position �i&x� N&y
�

ay %

yVi�N&y ' Vi�N�� � Vi�N

&�
y

� �A���


The approximation of the Laplacian &+V �x� y
 % �ax ' �by also applies
at the boundaries� with ax given by equation �A���
 and ay by equa�
tion �A���
 at the boundary position �M&x� j&y
�

&+V �M&x� j&y
 % �
VM���j � VM�j ' 
xVM�j&x

&�
x

'
VM�j�� ' VM�j�� � �VM�j

&�
y

� �A���


and inversely with ax given by equation �A���
 and ay by equation �A���

at the boundary position �i&x� N&y
�

&+V �i&x� N&y
 %
Vi���N ' Vi���N � �Vi�N

&�
x

' �
Vi�N�� � Vi�N ' 
yVi�N&y

&�
y

� �A���


In a resistive sheet� the potential V �x� y
 obeys the Laplace equation
&V �x� y
 % �� The surface current density J�x� y
 is given by the conduc�
tion equation

J�x� y
 % ���x� y
grad V �x� y
� �A���


where ��x� y
 is the sheet conductivity of the resistive sheet� Modeling
the resistive sheet by a network of resistors arranged on a rectangular
grid is equivalent to performing a �nite�di�erence approximation of the
Laplace equation of the resistive sheet� Each node �i� j
 sampled at po�
sition �i&x� j&y
 on the resistive sheet is connected to its neighbouring
nodes �i � �� j
 and �i� j � �
 by resistors Rx�i� j
 and Ry�i� j
� respec�
tively�

Kircho� law states that currents �owing into any nodes �i� j
 sum to
zero� thus� for a node within the resistive sheet�

Vi���j � Vi�j
Rx�i� j


'
Vi���j � Vi�j
Rx�i' �� j


'
Vi�j�� � Vi�j
Ry�i� j


'
Vi�j�� � Vi�j
Ry�i� j ' �


% �� �A���
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If Rx�i� j
 % Rx�i ' �� j
 and Ry�i� j
 % Ry�i� j ' �
 may be assumed�
equation �A���
 corresponds to the �nite di�erence of the Laplace equation
&+V �x� y
 % � where &+V �x� y
 is given by equation �A���
� provided that

Rx�i� j

&y

&x
% Ry�i� j


&x

&y
% R�i� j
� �A���


The current �owing in the four resistors Rx�i� j
� Rx�i' �� j
� Ry�i� j

and Rx�i� j'�
 connecting the node �i� j
 corresponds to the current den�
sity J�x� y
 % "Jx�x� y
� Jy�x� y
#

T in the resistive sheet� Both components
of J�x % i&x� y % j&y
 are estimated by averaging the current �owing in
the resistors neighbouring the node �i� j
� i�e� in Rx�i� j
 and Rx�i' �� j

for the component Jx and in Ry�i� j
 and Rx�i� j'�
 for the component Jy�
This average current at node �i� j
 is thus expressed by a current vector

�
Ix�i� j

Iy�i� j


�
%

�

�

�
��

Vi���j � Vi�j
Rx�i� j


'
Vi�j � Vi���j
Rx�i' �� j


Vi�j�� � Vi�j
Ry�i� j


'
Vi�j � Vi�j��
Ry�i� j ' �


�
�� � �A���


where the current components Ix�i� j
 and Iy�i� j
 are de�ned to be positive
in the direction of growing i and j� Assuming again Rx�i� j
 % Rx�i '
�� j
 and Ry�i� j
 % Ry�i� j ' �
� equation �A���
 can be rewritten� using
equation �A���
�

�R�i� j


�
��

Ix�i� j


&y

Iy�i� j


&x

�
�� %

�
��

Vi���j � Vi���j
�&x

Vi�j�� � Vi�j��
�&y

�
�� � �A���


The right�hand side of equation �A���
 corresponds to the �nite di�er�
ence approximation of the potential gradient grad +V �x� y
 given in equa�
tion �A���
� Therefore� the conduction equation A��� may be implemented
by the resistor network using the following correspondences�

Rx�i� j
 %
�

��x� y


&x

&y
� �A���


Ry�i� j
 %
�

��x� y


&y

&x
� �A���


Ix�i� j
 % &yJx�i&x� j&y
� �A���


Iy�i� j
 % &xJy�i&x� j&y
� �A���
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These correspondences are valid inside the resistive sheet� They must
now be determined at the boundaries of the resistive sheet� which depends
on the nature of the boundary conditions� These can either consist of an
imposed voltage V �xb� yb
� or a voltage gradient grad V �xb� yb
 imposed
by a current density J�xb� yb
�

Each node �i� N
 following a boundary �xb % i&x� yb % N&y
 is con�
nected to three resistors� namely Rx�i� N
� Rx�i ' �� N
 and Ry�i� N
�
Similarly� each node �M� j
 following a boundary �xb % M&x� yb % j&y

is connected to the resistors Ry�M� j
� Ry�M� j ' �
 and Rx�M� j
� If
voltages Vi�N and Vi���N �or VM�j and VM�j��
 are imposed as a bound�
ary condition on two successive nodes� the resistor Rx�i� N
 �or Ry�M� j


between these nodes is irrelevant� because it only a�ects the current �ow�
ing through it� This current is provided by the voltage source imposing
Vi�N � Vi���N �or VM�i � VM�i��
 and does not a�ect the voltages and
currents elsewhere in the network� A constant voltage is usually imposed
on a portion of the boundary by connecting the corresponding edge of
the resistive sheet using a metallic contact� In the corresponding resistive
network� this is equivalent to shorting out all the resistors following the
boundary on which such condition apply� as shown in �gure A��b at the
boundary �xb % �� yb % j&y
�

The current density Jx�xb� yb
 or Jy�xb� yb
 �owing out the resistive
sheet perpendicular to a boundary �xb % M&x� yb % j&y
 or �xb %
i&x� yb % N&y
 is modeled in the resistive sheet by the current Ix�M� j

or Iy�i� N
 �owing out of the boundary node �M� j
 or �i� N
� Assuming
again Ry�M� j
 % Ry�M� j ' �
 and Rx�i� N
 % Ry�i ' �� N
� Kircho��s
law yields

� %
VM���j � VM�j � Rx�M� j
Ix�M� j


Rx�M� j


'
VM�j�� ' VM�j�� � �VM�j

Ry�M� j

� �A���


� %
Vi���N ' Vi���N � �Vi�N

Rx�i� N


'
Vi�N�� � Vi�N � Ry�i� N
Iy�i� N


Ry�i� N

� �A���


Comparing equations �A���
 and �A���
 with equations �A���
 and �A���
�
in which the left�hand side &+V �x� y
 equals zero because the Laplace equa�
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tion is valid at the boundary and where the conduction equation imposes


xVM�j % �Jx�M&x� j&y


��x� y

� �A���



yVi�N % �Jy�i&x� N&y


��x� y

� �A���


results in the following correspondences�

Rx�M� j
 %
�

��x� y


&x

&y
� �A���


Ry�M� j
 %
�

��x� y


&y

&x
� �A���


Ix�M� j
 % &yJx�M&x� j&y
� �A���


Rx�i� N
 %
�

��x� y


&x

&y
� �A���


Ry�i� N
 %
�

��x� y


&y

&x
� �A���


Iy�i� N
 % &xJy�i&x� N&y
� �A���


Comparing equations �A���
 and �A���
 with equations �A���
 and �A���
�
it appears that the resistors following the boundaries are twice large as they
would be if they were within the network� This is explained by the fact
that the resistive path from two positions well inside the resistive sheet
spreads symmetrically around the median line joining these two points�
On the edge of the resistive sheet� however� the resistive path can only
spread inside the sheet� reducing the width of the path by a factor of two
and thus increasing its resistance by the same ratio �see �gure A��a
�

Another case of boundary conditions is possible� which consists of a
boundary connected to a grounded admittance per unit length Y ��xb� yb
�
This admittance imposes a current density J�xb� yb
 % Y ��xb� yb
V �xb� yb

normal to the boundary� The e�ect of such an admittance following the
boundary �x % i&x� �
 is presented here� The current density Jy�i&x� �

�owing out of the resistive sheet perpendicular to this boundary imposes
a voltage gradient


yV �i� �
 % �Jy�i&x� �


��x� y

% �Y

��i&x� �


��x� y

Vi��� �A���
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In the resistor network� the admittance per unit length Y ��i&x� �
 is quan�
tised to an admittance Y �i� �
 connecting the node �i� �
 to ground� The
other resistors connecting the node �i� �
 to the nodes �i� �� �
� �i' �� �

and �i� �
 are named following the usual notation Rx�i� �
� Rx�i'�� �
 and
Ry�i� �
� respectively� Again� Rx�i� �
 % Rx�i'�� �
 is assumed� Kircho��s
law applied at node �i� �
 gives

� %
Vi���� ' Vi���� � �Vi��

Rx�i� �


'
Vi�� � "� ' Ry�i� �
Y �i� �
#Vi��

Ry�i� �

� �A���


Comparing the right�hand sides of equation �A���
 and equation �A���
� in
which the indices N and N�� corresponding to the boundary �i&x� N&y

are replaced by their equivalent indices � and � of the boundary �i&x� �
�
and using equation �A���
 yields the correspondences

Rx�i� �
 %
�

��x� y


&x

&y
� �A���


Ry�i� �
 %
�

��x� y


&y

&x
� �A���


Y �i� �
 % &xY
��i&x� �
� �A���


It is important to note that in order to establish the exact correspon�
dence between the resistive network and the resistive sheet we had to
assume Rx�i� j
 % Rx�i' �� j
 and Ry�i� j
 % Ry�i� j ' �
� which can only
be respected using a resistive sheet having a homogeneous conductivity
��x� y
 % �� However the error made by using an inhomogeneous con�
ductivity will depend on the di�erences between neighbouring resistances�
which may be made as small as required by decreasing the grid size� At a
given grid size� this error is minimised if each resistor Rx�i� j
 and Ry�i� j

which connect the node pairs �i� �� j
� �i� j
 and �i� j � �
� �i� j
 corre�
sponds to the local conductivities between the positions of the node pairs�
i�e� ��x % �i� ���
&x� y % j&y
 and ��x % i&x� y % �j � ���
&y
�

The values of the dipoles and boundary currents of the network of
�gure A��b which quantise the inhomogeneous resistive sheet with the
boundary conditions shown in �gure A��a are summarised in table A���
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Figure A��� a
 resistive sheet and its boundary conditions� spatial quanti�
sation by a network of resistors�

A�� Green�s function in a ��D resistive sheet

The Green�s function G�x�� x�
 used in "��# establishes the relationship be�
tween the in�nitesimal force per unit length dF ��x�
 applied on the basilar
membrane at position x� due to the acceleration a�x�
 of an in�nitesimal
basilar membrane segment of length dx� at position x�� provided it moves
alone�

dF �x�
 % a�x�
G�x�� x�
 dx�� �A���


The in�nitesimal force per unit length dF �x�
 is given by the di�erence of
the in�nitesimal pressures dPSM �x�
 in the scala media and dPST �x�
 in
the scala tympani multiplied by the width w�x�
 of the basilar membrane
segment� thus

"dPSM �x�
� dPST �x�
#w�x�
 % a�x�
G�x�� x�
 dx�� �A���


The Laplace equation and its boundary conditions states that the pressure
di�erence between two positions xa and xb along the basilar membrane and
caused by the acceleration of the basilar membrane at position x�� can
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Rx�i� j
 %
�

��"i� �
� #&x� j&y


&x

&y

Ry�i� j
 %
�

��i&x� "j � �
� #&y


&y

&x

Rx�M� j
 %
�

��"M � �
� #&x� j&y


&x

&y

Ry�M� j
 %
�

��M&x� "j � �
� #&y


&y

&x

Ix�M� j
 % &yJx�M&x� j&y


Rx�i� N
 %
�

��"i� �
� #&x� N&y


&x

&y

Ry�i� N
 %
�

��i&x� "N � �
� #&y


&y

&x

Iy�i� N
 % &xJy�i&x� N&y


Rx�i� �
 %
�

��"i� �
� #&x� �


&x

&y

Ry�i� �
 %
�

��i&x�
�
�&y


&y

&x

Y �i� �
 % &xY
��i&x� �


Table A��� Correspondences between resistive sheet parameters and resis�
tive network parameters�

be calculated by integrating the acceleration along the curvilinear axis
l�x� x�
 following any acceleration �ow line in the liquid resulting from the
acceleration imposed at x��

P �xa
� P �xb
 %

x�xbZ
x�xa


a�x
dl�x� x�
� �A���


The curvilinear axis l�x� x�
 is always orthogonal to equipressure surfaces
S�x� x�
 in the liquid� and the acceleration �ow integrated over these sur�
faces is constant all along l�x� x�
� in particular at coordinate x� where
the basilar membrane segment of area dx�w�x�
 imposes the acceleration
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a�x�
�
a�x
S�x� x�
 % a�x�
w�x�
 dx�� �A���


Equation �A���
 can thus be rewritten

dP �xa
� dP �xb
 % a�x�
w�x�
 dx�

x�xbZ
x�xa



dl�x� x�


S�x� x�

� �A���


The in�nitesimal pressure di�erence across the basilar membrane at posi�
tion x� becomes thus�

dPSM �x�
� dPST �x�
 % a�x�
w�x�

g�x�� x�
 dx�� �A���


where

g�x�� x�
 %

x�xhZ
x�x�

dlSM �x� x�


SSM �x� x�

'

x�x�Z
x�xh

dlST �x� x�


SSM �x� x�

�A���


integrates the inverse of the equipressure surfaces SBM �x� x�
 from x�
to the helicotrema at xh along the curvilinear coordinate dlSM �x� x�
 in
the scala media� and then integrates similarly dlST �x� x�
�SST �x� x�
 in
the scala tympani� back from xh to x�� If the cochlea has a longitudi�
nal symmetry� SSM �x� x�
 % SSM �x� x�
 % S�x� x�
 and dlSM �x� x�
 %
�dlSM �x� x�
 % dl�x� x�
 simpli�es equation �A���
 into

g�x�� x�
 % �

x�xhZ
x�x�

dl�x� x�


S�x� x�

� �A���


Comparing equations �A���
 and �A���
 allows one to express the Green�s
function by�

G�x�� x�
 % w�x�
w�x�

g�x�� x�
� �A���


The function g�x�� x�
 is obtained from the ��D geometry of the cochlear
duct� In order to map it on a ��D resistive sheet� equation �A���
 is rewrit�
ten�


g�x�� x�
 %

x�xhZ
x�x�

�
w�x

dl�x� x�


L�x� x�


�

w�x
�
� �A���
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where the ��D projection of the equipressure surfaces S�x� x�
 become
equipressure contour L�x� x�
 % S�x� x�
�w�x
� assuming that the width of
the duct is equal to the basilar membrane width and that the liquid moves

uniformly all along this width� Assuming in addition that the width does
not change enough from x� to xh to use w�x
 % w�x�
 allow to remove
the term ��w�x
� from the integral� thus�


w�x�

�g�x�� x�
 %

x�xhZ
x�x�

�
w�x

dl�x� x�


L�x� x�

� �A���


Using the analogy between the liquid density 
 and the sheet conductance
� of the resistive sheet given by equation �����
 yields

Fv
Fj


w�x�

�g�x�� x�
 %

x�xhZ
x�x�

�

�

dl�x� x�


L�x� x�

� �A���


whose right�hand side corresponds to the equivalent resistance RG�x�� x�

of the resistive sheet which relates the current I�x�
 % J�x�
dx� injected
at position x� along the basilar membrane edge and the voltage V �x�

measured at position x��

The Green�s function used in "��� ��# are computed from the func�
tion g�x��� x

�
�
 where the positions are given relative to the cochlea length�

The nodes i� and i� at which the voltage is measured and the current
injected corresponds thus to relative positions x�� % i��M and x�� % i��M �
respectively� Moreover� it is important to note that the e�ective basilar
membrane widths used in "��� ��# to compute the Green�s function have
half their geometric values in order to take into account the bending of the
basilar membrane along its width� The equivalent resistances RG�i�� i�

that should be measured on the network to yield the Green�s function used
in "��� ��# is �nally expressed by�

RG�i�� i�
 %
Fv
Fj

w�i�&x

�

�

g�i��M� i��M
� �A���


where

g�x��� x
�
�
 %

�
������ ���x�� � ����x��

�

 	 ���m�� � x�� 	 x��

������ ���x�� � ����x��
�

 	 ���m�� � x�� � x��

� �A���


according to "��#� p� �����
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A�� Basilar membrane resonator noise

A���� Integrator

The equivalent noise sources of the log�domain basilar membrane resonator
are estimated using the diagram of �gure ����� The log�domain integrators
C���� � G���� with their input current sinking transistors T���
 and output
unloading mirrors T�����T

�
��T
�����T
���� are replaced by their linearised
noisy equivalents� The output vGout is determined from the resulting lin�
earised diagram of �gure A���

vGout %
gmo

�gm
 � gm�
 ' gmogm
�gs�
vC �A���


'
�

�gm
 � gm�
 ' gmogm
�gs��
gm�

gm�
�iN� � iN�
 '

gm�

gs�
iN� �



� '

gmo
gs�

�
iN
 ' iN� ' iNo

�
�

Transistors T� to T� are all in weak inversion and they are crossed by
the same dc current I� their corresponding transconductances are thus
all equal� gm� % gm
 % gm� % gm� % gm� % I�nUT and gs� % ngm��
simplifying equation �A���
 into

vGout % nvC �A���


'
n

gm�

�
iN� � iN� '

gm�

ngm

iN� �



� '

gmo
ngm


�
iN
 ' iN� ' iNo

�
�

where n is the slope factor� assumed identical for all transistors�
The output noise power spectral density �psd
 is calculated by replacing

the uncorrelated noise currents �iNi by their psd 'sIi and squaring all
gains between them and the output� Since all transistors are saturated
and in weak inversion� their noise current psd is given by sIi % �qeI %
�kBTngmi� The psd sIo of the noise source iNo is twice this value since
it corresponds to the output follower�shifter of the pseudo�transcapacitor�
made from the two transistors crossed by the same bias current IshC � Both
are also assumed here in weak inversion� thus sIo % �qeIshC % �kBTngmo�
The output noise psd becomes

sV Gout % n�sV C ' �out
�kBT

gs�
� �A���
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Figure A��� a� Log�domain integrator and b� its noisy small signal equivalent

where the noise factor

�out % n�

�
�



gs�
gmo

��
' �� ' n


gs�
gmo

' �

�
�A���


depends on the ratio between the dc output current I and the follower�
shifter bias current IshC since gs��gmo % nI�IshC �

Without the output unloading transistors T��T��T�� the follower�shifter
requires a bias current IshC � I ensuring its output conductance gmo
to be larger than its loading conductance� thus gmo � gs�� In such a
con�guration� gm� % gm� % gm� % �� IN� % IN� % IN� % � and the
output noise factor can be calculated similarly�

�outL % n�

�
�

�



gs�
gmo

��
' �� ' n


gs�
gmo

' �

�
� n�� �A���


The noise psd sV C of the capacitor voltage vC is determined by the
noise psd sIC of the total current crossing it�

sV C %
V�
V �A

sIC
���fC
�

%
sIin ' sI� ' g�m�sV Gin

���fC�
�
� �A���


where sI� % �kBTngm� is the current noise psd generated by transistor
T� and sV Gin is the voltage noise psd at the input vGin of the circuit�
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The current gain V��V
�
A of the pseudo�transcapacitor circuit �see para�

graph �����
 is lumped into an input�referred capacitance C� % CV �A�V��
The input�referred current noise psd of the pseudo�transcapacitor circuit
is given by equation �����


sIin % �kBTngm�



� ' �

V �A
V�

�
� �A���


where gm� % I��nUT is given by the dc input current I� of the pseudo�
transcapacitor at equilibrium� The internal dc pseudo�voltage V �A is related
to the output dc pseudo�voltage V �C by the voltage shift Vsh introduced by
the follower�shifter according to equation ����
�

v�A % v�Ce
Vsh�UT � �A���


where V �C is determined by the pseudo�conductance G� implemented by
T�� biased using a current IG % V��G

� and crossed by the dc output
current I� resulting in�

V �A
V�

%
I

G�V�
eVsh�UT %

I

IG
eVsh�UT � �A���


thus

sV C %

�
sV Gin ' �in

�kBT

gm�

�
g�m�

���fC�
�
� �A���


where

�in % n

�
�

�
'

�I

IG
eVsh�UT

�
�A���


and

C� % C
V �A
V�

%
I

IG
CeVsh�UT � �A���


The output noise voltage psd of the integrator at the gate of transistor T

is �nally given by

sV Gout %



ngm�

��fC�

�� �
sV Gin ' �in

�kBT

gm�

�
' �out

�kBT

gs�
� �A���


with the noise factors

�in�I� IG
 % n

�
�

�
'

�I

IG
eVsh�UT

�
� �A���


�out�I� IshC
 % n�

�
�



nI

IshC

��
' �� ' n


nI

IshC
' �

�
� �A���
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A���� Feedback block

The same analysis is now performed with the current�to�pseudo�voltage
converter together with the current conveyor of �gure A��a� using its noisy
small signal equivalent of �gure A��b� The input current iin is converted
into a �pseudo�
 voltage by transistor T� �pseudo�conductance G�
 and
fed back at the output node vZ � At this output node a dc current I� is
injected� this current corresponds to the bias currents of the integrators�
at which the current entering vZ stabilises in the full resonator circuit�
Assuming equal transconductances gm� % gm� % gs��n % gm
 % gm� %
I��nUT � an output conductance gds� much smaller than gs� % I�UT and
gm	 % �I ' I�
�nUT � the output voltage vZ as a function of the input
current iin and the internal noise sources iNi is given by

vZ %
iin
gs�

'
iN� ' iN� � iN
 � iN�

gs�
� iN� � iN��

gs�
� gds�

gs�

iZ ' iN	

gm	
� �A���


where the last term may be neglected due to the small value of gds��
With the current noise psd sIi of the transistors given as in the inte�

grator�s noise calculation� the output voltage noise psd becomes

sV Z %
sIin
g�s�

' �f
�kBT

gs�
� �A���
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Figure A��� a� current�to�pseudo�voltage converter and current conveyor� b� its
noisy small signal equivalent
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where sIin is the current noise psd of the input current iin and the noise
factor weighting the equivalent noisy conductance gs� is given by

�f �I� I�
 %
�I

I�
'

�I�
�I

'
�

�
� �A���


As for the gate voltage vGout� it is simply given by

vGout %
iZ � iN�

gm�
� �A���


having thus a voltage noise psd

sV Gout %
sIZ
g�m�

'
�kBTn

gm�
%

�

�n

�kBT

gm�
� �A����


where sIZ is the current noise psd injected at node vZ �

A���� Full resonator

Interpreting equations �A���
� �A���
 and �A����
� the noisy small signal
equivalent in �gure A�� of the full basilar membrane resonator of �gure ����
is used to calculate the voltage noise on its node vZ as a function of its
input current iZ and its internal noise sources

vZ % vNG '
�

G
�gmfv ' gmf�v� ' gmf�v� ' iNf ' iNf� ' iNf�


RR
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gmτ1

RNi1
No1
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vNRG
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Figure A��� noisy small signal equivalent of the basilar membrane resonator
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gm�� %
I

UT
gm�� %

I�
UT

C�� %
I�
IG�

Ce�Vsh��UT C�� %
I�
IG�

Ce�Vsh��UT

RNi� % �in�I�� IG�

nUT
I

RNi� % �in�I�� IG�

nUT
I�

sV i� % �kBTRNi� sV i� % �kBTRNi�

RNo� % �out�I�� IshC�

UT
I�

RNo� % �out�I�� IshC�

UT
I�

sV o� % �kBTRNo� sV o� % �kBTRNo�

gmf� %
I�
nUT

gmf� %
I�
nUT

sIf� % �kBTngmf� % �kBT
I�
UT

sIf� % �kBTngmf� % �kBT
I�
UT

gmf %
I

nUT
rmG %

nUT
I

sIf % �kBTngmf % �kBT
I

UT

RNG %
rmG
�n

%
UT
�I

G %
IF
UT

sV RG %
�kBT

RNG
% kBTUT �I sV G % �f �IF � I�


�kBT

G

Table A��� Parameters of the small signal noisy resonator�

% rmG
gmf
G

iZ '
gmf�
G

vNo� '
gmf�
G

vNo�

'
gfm
G

vNRG ' vNG '
iNf ' iNf� ' iNf�

G

'
gm��
�C��

gmf�
G

�rmGiZ ' vNRG ' vNi�


'
gm��
�C��

gmf�
G

�vNo� ' vNi�


'
gm��gm��
��C��C

�
�

gmf�
G

�rmGiZ ' vNi� ' vNRG
� �A����


where the values of the elements are listed in table A�� as a function of the
currents I� I�� I�� I� and IF % I ' I� ' I� � �I�� The currents I� I� and
I� correspond to the currents i� i� and i�� respectively� in �gure ���� at
the operating point used for linearisation� Using these values� the voltage
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noise psd at the node vZ becomes�

sV Z %
U�
T

I�F



SIZ '

I��
U�
T

SV o�
n�

'
I��
U�
T

SV o�
n�

'
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T
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'
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T
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�

'
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�

��C��
�

�
SIZ '
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U�
T
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n�

'
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�
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�
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T

sV o� ' sV i�
n�

�

'
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I�F

I��
U�
T

�

��C��
�
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sIZ '

I�

U�
T

sV i� ' sV RG
n�

�
� �A����


which may be expressed by

sV Z %
�

G�
�sIZ ' �kBTG�G


'
G�
�

G���C��
� �sIZ ' �kBTG��C


'
G�
�G

�
�

G���C��
�
C��

� �sIZ ' �kBTG��S
� �A����


where G % IF �UT � G� % I��UT � G� % I��UT and using the noise factors

�G %
I�

I�IF
�o� '

I�
IF

�o� ' �f '
I

IF

�

�n�
'
I ' I� ' I�

�IF
� �A����
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�

�n�
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�
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�
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�o� % �
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IshC�

��
' �� ' n


nI�
IshC�

' ��

�f %
�IF
I�

'
�I�
�I

'
�

�
�

derived from equations �A���
� �A���
 and �A���
�
According to equation �A����
� the noisy basilar membrane resonator

is thus equivalent to the serial RCS resonator of �gure A��� in which each
dipole

GBM % G� �A����


CBM %
G

G�
C��� �A����


SBM %
G

G�

C��C
�
�

G�
� �A����


features a parallel noise current source iNG� iNC and iNS having power
spectral densities

sIG % �G�kBTG� �A����


sIC % �C�kBTG�� �A����


sIS % �S�kBTG�� �A����


respectively�
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Figure A��� noisy equivalent of the basilar membrane RCS resonator
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